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Abstract
This work is about digital signal processing methods to be used to determine
information of low frequency low amplitude signals of known frequency.
Different adaptive filter concepts such as Wiener filter, NLMS filter and lockin are implemented and compared to each other. The comparison carried out
for different input signal amplitude and noise variance with the objective to
find the best algorithm for noise cancelling.
The comparison is done using a signal of interest combined with white noise as
input to the filter element. The aim of the comparison is to find the most
appropriate filter for further signal analyzis. The key topics for the evaluation
are the efficiency of noise cancelling and ease of implementation in a data
processing unit.
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1 Introduction
The first chapter of this thesis provides an overview about the topic of low level
measurements as well as a short theoretical background about data processing
methods for noise canceling.
The motivation to write this thesis is to improve an industrial measurement device.
The actual measurement device is an analogue measurement system to determine
low voltages of given frequency. In greater detail, the measurement system is used
to measure the impedance of grounding connections in an aircraft. This is done
through applying a current into the connection and measuring the resulting voltage
across the connection.
As the analogue solution has limited accuracy, has high power consumption and is
rather expensive, an improvement is searched for. In order to achieve this goal a
digital setup is chosen to be investigated. The measurement system will be described
in more detail in chapter 2.2.
1.1

Voltage measurement system

The electric voltage actually describes the difference of electric potential between
two arbitrary points. [1]
To measure the electric voltage different types of sensors can be used.
1.1.1

Analog voltage measurement – Galvanometer

The analog voltage measurement is one of the earliest forms of voltage
measurement. There are many different types of analog voltmeters but the most
commonly used is the d’Arsonval moving-coil galvanometer. This type of voltmeter
is actually acting as a current measurement as the pointer of the instrument rotates
proportional to the applied current level. [2]

F IGURE 1: A NALOG

VOLTMETER WITH TWO INPUT RANGES
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[3]

In combination with a known resistor used as input resistance, a voltage
measurement is set up using Ohm’s law.
(1)

𝑈𝑈 = 𝑅𝑅𝑅𝑅

In equation (1) U stands for the voltage, R is the resistance and I is the current.
The drawback of this type of voltmeters is that it is only suitable for DC voltage
measurement. In order to be able to measure AC voltage the system must be fitted
with a transformer and rectifier. [2]
1.1.2

Digital voltage measurement

Most modern voltmeters are realized in a digital way. In order to enable this type of
measurement an analog-to-digital converter is needed. This converter is capable of
converting direct voltage applied to the input of the device into a digital
representation. The input voltage span is typically in the region of a few volts up to
20 V. Using additional amplifiers or resistive attenuators enable measurements in
lower or higher voltage regions.
For instrumentation purpose two different implementation types of analog-to-digital
converters (ADC’s) exists, the successive-approximation register (SAR) and the
delta-sigma (ΔΣ) type.
The main difference between these two types of ADC’s is in the key parameters of
resolution and sampling rate. Whilst the ΔΣ offers typically a higher resolution, the
SAR provides higher sampling rate.
The implementation of pipeline ADC’s shown in Figure 2 is rarely used for
digitizing low frequency signals as its main advantage is to offer high samplings rate
which is not necessary for that purpose. [4]

F IGURE 2: C OMPARISON BETWEEN DIFFERENT ADC IMPLEMENTATIONS [5]
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As shown in Figure 3 a digital voltage measurement system needs an essential
second part next to the ADC. Having the digital representation of the input voltage,
data and signal processing methods may be used to enhance the measurement result.
This processing includes the conversion of the binary representation of the voltage
to other types of representation e.g. decimal representation for use in a humanmachine-interface (HMI) as well as signal processing algorithms for filtering out
specific information of the signal.

F IGURE 3: D ATA PROCESSING CHAIN [6]
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1.2

Data processing

As mentioned in chapter 1.1.2 data and signal processing are essential parts in
modern digital systems.
Data processing actually is defined as the conversion of raw data to machinereadable form and its subsequent processing by a computer. [7]
A more detailed definition is provided by encyclopedia Britannica
“Manipulation of data by a computer. It includes the conversion of raw data to
machine-readable form, flow of data through the CPU and memory to output
devices, and formatting or transformation of output. Any use of computers to
perform defined operations on data can be included under data processing.” [8]
This means that an ADC is actually the first device in a data processing chain, needed
to convert an analog voltage into a digital representation which can subsequently be
processed by a PC or equivalent device, further referred to as data processing unit
(DPU). The DPU is responsible for the second part of data processing, the so called
digital signal processing (DSP).
According to the definition of techopedia, digital signal processing is the process of
analyzing and modifying a signal to optimize or improve its efficiency or
performance. It involves applying various mathematical and computational
algorithms to analog and digital signals to produce a signal that’s of higher quality
than the original signal [9].
This means that each further processing of the ADC’s raw data can be considered as
signal processing, including complex mathematical processes like fast Furrier
transformation (FFT) as well as the simple conversion of the data format. As most
ADC’s deliver raw data in a two’s complement format, see Figure 4, this step like
mentioned before is important to convert the data to a number directly representing
the voltage level.

F IGURE 4: E XAMPLE OF AN ADC’ S

OUTPUT CODE

[10]

4

1.3

Research question

The goal of this study is to compare different signal processing methods in its
effectivity to remove noise from a given data stream.
The data stream consists of a signal of interest (SOI) overlaid with noise of greater
amplitude than the SOI. The SOI is a known single frequency signal with unknown
amplitude and phase shift.
The comparison should be carried out with a data stream synthetically generated.
Optionally a second comparison should be carried out based on a measurement
setup using a real measurement system like shown in Figure 5. The focus of this
work lies in the signal processing part of the measurement system.

F IGURE 5: M EASUREMENT SETUP

The key parameters for the comparison between the signal processing methods are:
• Efficiency of noise cancelling – Accuracy of determining the SOI
• Ease of implementation in a DPU
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2 Theory
In this chapter the theory behind the filtering process is described in greater detail.
Physical and mathematical connections are described in order to be able to compare
different signal processing methods.
Before the single methods can be described in more detail, the topic is inspected in a
more general view.
The goal is to compare different signal processing methods to filter out a single
signal from a mix of signals. This mix consists of the signal of interest as well as
many different “error signals”. These error signals are explained in the first part.

F IGURE 6: G RAPHICAL REPRESENTATION OF THE COMPONENTS OF THE MEASURED SIGNAL [11]

2.1

Error Source

Like shown in Figure 6 the signal to be measured consists of a wanted signal and a
given noise floor. Additionally to these two shown components, additional
disturbances can come up e.g. from communication devices.
2.1.1

Noise

2.1.1.1 General definition

For this work the definition of noise from the book “Handbook of Modern Sensors”
from Jacob Fraden is used.
Fraden describes noise as sense for all disturbances, either in stimuli, environment
or in components of the sensors and circuits from dc to the upper operating
frequencies. [12]
This means that the term noise includes not only common noise terms as Johnson
noise and flicker noise but also any other disturbance to the sensor or measurement
system.
The two first named types of noise are related to as stochastic noise. The Johnson
and flicker noise are dependent of temperature, used material and natural constants.
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Johnson noise is a special term for noise in a resistor. It describes the error level of
moving charges in a conductor, the current. Especially on a low level, current is not
a continuous flow of electrons. The motion of them is more equal to popcorn
popping and is therefore described in statistical terms. In a resistor the mean-square
value of noise voltage ���
𝑒𝑒𝑛𝑛2 , also called Johnson noise when referred to a resistor, is

calculated as shown in equation (2) where 𝑘𝑘 = 1.38 × 10−23 𝐽𝐽/𝐾𝐾 (Boltzmann
constant), 𝑇𝑇 is the temperature in K, 𝑅𝑅 is the resistance in Ω and Δ𝑓𝑓 is the
bandwidth over which the measurement is made in Hz. As Johnson noise is constant
over a broad range of frequency it is also related to as white noise [12].
2
𝑒𝑒���
𝑛𝑛 = 4𝑘𝑘𝑘𝑘𝑘𝑘 × Δ𝑓𝑓

(2)

Flicker noise on the other hand is a type of noise, also called 1/f noise, dominant at
low frequencies. 1/f noise occurs in all conductive materials and is mostly
interesting in a frequency range below 100Hz. As this type of noise occurs mostly at
low frequencies, it is also called pink noise.
The amount of flicker noise is dependent on the current flowing through a
component as well as the used material and used design. Therefore no equation can
be stated to calculate the amount of flicker noise in a general view. [12]
Depending on the signal to be measured, Johnson noise and Flicker noise is typically
very small compared to the SOI. However, when measuring low magnitude signals
the noise levels can become a significant source of error and must therefore be
considered during design.
The third type of error mentioned is disturbances to the measurement system.
These disturbances originate from the environment of the measurement system. A
principal setup of the measurement system is provided in chapter 2.2.
Disturbances can come up as electromagnetic interference (EMI) or as systematic
disturbance resulting from parts of the measurement system itself.
In contrast to the before mentioned Johnson noise and Flicker noise, disturbances
are not necessarily processes with a mean value of 0. Furthermore the magnitude of
a disturbance can be connected to another process. This is often the case when
electromagnetic interferences are the source of a disturbance.

F IGURE 7: S OURCES OF EMI ON FREQUENCY SCALE [13]
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2.1.1.2 Noise reduction

The term noise reduction describes the process of removing noise from a signal. [14]
This means that noise reduction describes all methods and electronic circuits used to
decrease or remove noise from a signal.
For a measurement device which should be capable of measuring low voltage it is
important to have these capabilities as the example below shows.
From table 6.5 in the book Handbook of modern sensors it can be seen that some
noise sources have a typical magnitude of up to 1mV. [12]
Using this noise value, without any approach of noise reduction, together with a SOI
with an amplitude of 10mV leads to a measurement error of 10%.
The process of noise reduction in electronic circuits starts already during the
development of the used circuit. This includes the following procedures: [12]
• Using proper shielding on cables and the housing of the PCB prohibits EMI
on the signal
• Attention to mechanical coupling – Vibration can lead to current noise in
cables or the PCB
• Through implementing filters in the signal path, certain frequencies can be
removed
• Using components with a lower noise level
The first two methods mentioned above decrease the noise level on the signal
through preventing its generation on the signal. So these methods must be
considered carefully as the effort to decrease noise is typically higher than the effort
to prevent it.
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2.2

Measurement system

The used measurement system is shown in Figure 8. It shows 3 main parts which
will be described in greater detail.

F IGURE 8: M EASUREMENT SYSTEM

2.2.1

Excitation unit

The excitation unit is used to create an excitation signal for the unit under test. This
excitation signal is given as a high quality sine wave with a fixed frequency. In
addition to the excitation signal, the unit also delivers information about the actual
frequency.
2.2.2

Unit under test (UUT)

The UUT is an object which is excited by the excitation signal and delivers a
measurement signal. The measurement signal corresponds to the state of the UUT
and varies in amplitude. The measurement signals frequency is the same as the
excitation signal frequency.
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2.2.3

Measurement unit

The third part of the system is given by the measurement unit. The measurement
unit is used to analyze the measurement signal with the given reference frequency of
the excitation unit in order to deliver a measurement result corresponding to the
amplitude and phase shift of the measurement signal in correspondence to the
reference frequency.
In order to fulfill this task the measurement unit consists of four elements:
• Filter element: Used to fulfill initial filtering of the measurement signal. This
filter acts as bandwidth limiting filter or anti-aliasing filter for the following
elements
• Amplifier and driver: directly after the filter element the amplifiers are used
to increase the magnitude of the measurement signal to fit the input
specification of the ADC best. Following the amplifier a low noise driver is
used to drive the ADC-inputs
• ADC: The ADC is used to sample the amplified signal at a given sample rate
• DPU: The DPU provides the sample rate to the ADC and takes back the
digitized data. In combination with the reference frequency the
measurement result is calculated. The used algorithm for this calculation is
the main part of the work and will be discussed in more detail in section 2.3.
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2.3

Filter methods

This section describes different approaches for the used algorithm in the DPU. The
task is to filter out a single known frequency from an incoming measurement signal.
The measurement signal is already digitized with a known sample rate as described
in 2.2.3.
The following chapters show different approaches to reach this goal.
2.3.1

Bandpass

The bandpass filter is created by combination of a low-pass and a high-pass filter. In
ideal form it can filter out a single frequency from a wideband signal. A real
bandpass filter is capable of filtering a range of frequencies around a center
frequency. This frequency-area is called pass band or bandwidth of the bandpass
filter. All frequencies higher or lower than the pass band are attenuated with a
certain value dependent on the actual frequency like shown in Figure 9.

F IGURE 9: C HARACTERISTICS OF B ANDPASS FILTER [15]

The width of the pass band for a bandpass filter is given by the Q factor in
combination with the center frequency. The Q factor describes the ratio between
center frequency 𝑓𝑓𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 and bandwidth 𝐵𝐵. [16]
𝑄𝑄 =

𝑓𝑓𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝐵𝐵

(3)

From equation (3) it can be seen that a high Q factor is reached through a small
bandwidth of the filter. With a Q factor of ∞ an ideal bandpass is reached.
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The behavior of the bandpass filter is exactly the one needed to achieve the desired
task of filtering out the components of a defined frequency from a given signal.
To set up a bandpass filter in digital form different approaches can be used. These
will be described in chapters 2.3.3 to 2.3.5. Before describing these different
approaches, the difference between Finite length Impulse Response (FIR) and
Infinite length Impulse Response (IIR) filters is worked out.
2.3.2

FIR and IIR filters

Digital filters can be categorized into two different types, the so called FIR- and IIRfilter. As the name already suggests, the difference between the two filters is in the
length of the response to an impulse. The unit sample response of a FIR filter has
finite length while the one of an IIR has infinite length. This can be shown from the
linear constant coefficient difference equation shown in equation (4)
𝑞𝑞

𝑝𝑝

𝑘𝑘=0

𝑘𝑘=0

𝑦𝑦(𝑛𝑛) = � 𝑏𝑏(𝑘𝑘)𝑥𝑥(𝑛𝑛 − 𝑘𝑘) − � 𝑎𝑎(𝑘𝑘)𝑦𝑦(𝑛𝑛 − 𝑘𝑘)

(4)

where 𝑦𝑦(𝑛𝑛) is the output of a filtering element, 𝑥𝑥 (𝑛𝑛) is the input and 𝑎𝑎(𝑘𝑘 ) and
𝑏𝑏(𝑘𝑘 ) are the filter coefficient that describe a filtering element. The values 𝑝𝑝 and 𝑞𝑞
describe the order of the filter.

For a filter coefficient 𝑎𝑎(𝑘𝑘 ) = 0 the described system is of FIR-type. In each other
case the system is of IIR-type. [17]
Next to the response type, IIR and FIR filters also show different properties

• A FIR-filter can be set up in order to introduce no phase distortion to the
signal as the show a linear phase delay. This behavior is reached only with
great effort with IIR-filter.
• FIR-filters are always stable systems. An IIR filter can also become unstable
• With a fixed number of bits rounding errors are lower for FIR-filters
• IIR-filters offer a lower latency compared to FIR-filters
• More effort is needed to calculate FIR-filters. It is often only possible to
calculate FIR-filter through the use of specialized programs.
The conclusion of the paper “Digitale Filter” is that an IIR filter should be used when
a higher roll off rate and low latency is needed. FIR filter should be used when a
linear phase shift is necessary and a lower order for the filter is desired. [18]
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The desired filter should be capable of filtering a given frequency. As this frequency
can change from measurement to measurement, a linear phase shift could be a good
property for the whole measurement system.
On the other hand, the system should also have a high roll off rate in order to reach
a high Q factor for the filter.
2.3.3

Wiener filter

2.3.3.1 Background

The Wiener filter is a so called optimum digital filter which means that it is designed
in a way to receive the best estimate of a signal of interest.
The Wiener filter is named after the inventor Norbert Wiener who worked on the
problem of designing a filter which is capable of finding a single signal from a noisy
set of measurement data. [19]
In Figure 10 the general process of a Wiener filter is illustrated. From an input
signal 𝑤𝑤[𝑛𝑛] the Wiener Filter 𝐺𝐺[𝑧𝑧] is used to produce a minimum mean-square
error estimate 𝑥𝑥[𝑛𝑛] of 𝑠𝑠[𝑛𝑛]. The goal of designing the Wiener filter is to minimize
the error signal 𝑒𝑒[𝑛𝑛]. A precondition to get a working version of the Wiener filter
is that 𝑤𝑤[𝑛𝑛] and 𝑠𝑠[𝑛𝑛] are wide sense stationary processes and that the two signals
are statistically related to each other. [19]

F IGURE 10: G ENERAL W IENER FILTERING PROCESS [20]

A Wiener filter can generally be used for one of 4 main use cases. These are
filtering, smoothing, prediction and deconvolution. For the goal of this work, the
filtering use case is applicable best as it is used to determine 𝑥𝑥[𝑛𝑛] from the current
and past values of 𝑤𝑤[𝑛𝑛]. [19]
This type of filter can be modeled as FIR and IIR form. The calculations for both
types of filters are done in section 2.3.3.2. From the mathematical solutions an
implementation for the DPU will be derived.
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2.3.3.2 Mathematics

This section deals with the mathematical implementation of the Wiener filter.
Independently which form of Wiener filter is designed, the initial equations
describing the general Wiener filter are the same.
The goal of the Wiener filter is to find a minimum least-square solution for
𝑑𝑑̂(𝑛𝑛) = ∑𝑘𝑘𝑙𝑙=0 𝑤𝑤(𝑙𝑙)𝑥𝑥(𝑛𝑛 − 𝑙𝑙) and
2
𝜉𝜉 = 𝐸𝐸 ��𝑑𝑑(𝑛𝑛) − 𝑑𝑑̂(𝑛𝑛)� �

(5)
(6)

where 𝑥𝑥(𝑛𝑛) is the input to the Wiener filter 𝑤𝑤(𝑙𝑙) with its output 𝑑𝑑̂ (𝑛𝑛).
Equation (6) shows the mean-square error 𝜉𝜉 which is calculated from the real
measurement value 𝑑𝑑 (𝑛𝑛) and the filter output (filter estimate) 𝑑𝑑̂ (𝑛𝑛)

Further analysis is done separately for the FIR and IIR forms of the Wiener filter,
starting with the FIR form.
FIR

The difference between FIR and IIR form of the Wiener filter is in the upper bound
𝑘𝑘 of the summation. For the FIR form, 𝑘𝑘 represents the order of the filter which is
given by 𝑘𝑘 − 1.
Through minimizing the square error of the system given in equation (6) a solution
in form of the so called Wiener-Hopf equation can be derived. This Wiener-Hopf
equation is provided in equation (7), 𝑅𝑅𝑥𝑥 represents the autocorrelation matrix, 𝑤𝑤
the vector of Wiener filter coefficients and 𝑟𝑟𝑑𝑑𝑑𝑑 is the vector of cross-correlations
𝑅𝑅𝑥𝑥 𝑤𝑤 = 𝑟𝑟𝑑𝑑𝑑𝑑 .

(7)

� 𝑤𝑤(𝑙𝑙)𝑟𝑟𝑥𝑥 (𝑘𝑘 − 𝑙𝑙) = 𝑟𝑟𝑑𝑑𝑑𝑑 (𝑘𝑘) ; 𝑘𝑘 = 0,1, … , 𝑝𝑝 − 1 .

(8)

𝑟𝑟𝑥𝑥 (𝑘𝑘) = 𝐸𝐸{𝑥𝑥(𝑛𝑛)𝑥𝑥 ∗ (𝑛𝑛 − 𝑘𝑘)}

(9)

Equation (7) shows the matrix form of the Wiener Hopf equation. It can also be
written in discrete form like shown in equation (8)
𝑝𝑝−1
𝑙𝑙=0

In order to be able to calculate the Wiener coefficients from equation (7) or (8), the
correlation matrices must be calculated like shown in equation (9) and (10) using
the conjugate 𝑥𝑥 ∗ of 𝑥𝑥 [19]
𝑟𝑟𝑑𝑑𝑑𝑑 (𝑘𝑘) = 𝐸𝐸{𝑑𝑑(𝑛𝑛)𝑥𝑥 ∗ (𝑛𝑛 − 𝑘𝑘)}.

(10)

From equation (8) it can be seen that the calculated FIR Wiener filter of order
𝑝𝑝 − 1 can only be used on a data set with 𝑝𝑝 − 1 measurement points.
14

IIR

The causal IIR Wiener filter is also derived from equation (5). For the IIR form 𝑘𝑘 is
set to ∞ and instead of 𝑤𝑤(𝑙𝑙) the term ℎ(𝑙𝑙) is used.
A real measurement system is not capable of sampling an infinite amount of data. To
represent a real system k is set to the number of all measurements 𝑁𝑁.

The mathematics behind the solution for the IIR Wiener filter us the same as for the
FIR filter and leads to the Wiener-Hopf equations of the noncausal IIR Wiener filter
shown in equation (11)
∞

� ℎ(𝑙𝑙)𝑟𝑟𝑥𝑥 (𝑘𝑘 − 𝑙𝑙) = 𝑟𝑟𝑑𝑑𝑑𝑑 (𝑘𝑘) ; 0 ≤ 𝑘𝑘 ≤ ∞ .

(11)

𝑙𝑙=0

For the case of a real system with limited number of measurements equation (11)
can be written as
𝑁𝑁

� ℎ(𝑙𝑙)𝑟𝑟𝑥𝑥 (𝑘𝑘 − 𝑙𝑙) = 𝑟𝑟𝑑𝑑𝑑𝑑 (𝑘𝑘) ; 0 ≤ 𝑘𝑘 ≤ 𝑁𝑁 .
𝑙𝑙=0

In this work only the causal form of the IIR Wiener filter is described as the
noncausal form cannot be established in a real system.
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(12)

2.3.3.3 Recursive Wiener filter

The two versions of the Wiener-filter shown in 2.3.3.2 are designed to be used on a
single set of data.
The measurement system shown in 2.2 indicates that a continuous measurement is
possible as long as the UUT is excited. To increase the output quality of the
measurement unit, an iterative or recursive method can be used. In the paper “A
Comparison Study between Recursive Inverse and Iterative Wiener Filter
Algorithms” [21] two approaches, the iterative Wiener filter and the recursive
inverse algorithm are compared against each other.
Both types of iterative Wiener filter can be described as fast converging algorithm
with variable step-size. The update equation (13) as well the residual error (14),
autocorrelation (15) and cross-correlation (16) are calculated in the same way. Only
the way to calculate step-size µ(𝑘𝑘 ) (17) is different. The variable 𝛽𝛽 is the forgetting
factor and 𝑘𝑘 is the time index of the actual sample.
Through this minor difference, the recursive inverse algorithms shows advantages in
implementation as fewer arithmetic units are needed for the calculation whilst the
same output is reached after a some iterations. [21]
𝑤𝑤(𝑘𝑘 + 1) = 𝑤𝑤(𝑘𝑘) − µ(𝑘𝑘)𝑟𝑟(𝑘𝑘)

(13)

𝑅𝑅(𝑘𝑘) = 𝛽𝛽𝛽𝛽(𝑘𝑘 − 1) + 𝑥𝑥(𝑘𝑘)𝑥𝑥 𝑇𝑇 (𝑘𝑘)

(15)

𝑟𝑟(𝑘𝑘) = 𝑅𝑅(𝑘𝑘)𝑤𝑤(𝑘𝑘) − 𝑝𝑝(𝑘𝑘)

(14)

𝑝𝑝(𝑘𝑘) = 𝛽𝛽𝛽𝛽(𝑘𝑘 − 1) + 𝑑𝑑(𝑘𝑘)𝑥𝑥(𝑘𝑘)

(16)

µ(𝑘𝑘) =

µ0
1 − 𝛽𝛽 𝑘𝑘
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(17)

2.3.4

LMS-filter

2.3.4.1 Background

Using a Wiener filter as described in 2.3.3.1 and 2.3.3.2 is bound to an important
assumption. The described filters need stationary processes in order to work
successfully. Real world applications fulfill this assumption rarely. Instead they are
normally nonstationary. In order to use these types of filters a solution for
nonstationary filter algorithm like already shown in 2.3.3.3 must be found. [22]
A solution for such an approach is given by the LMS or NLMS (Normalized Least
Mean Squares) algorithm. The LMS filter was invented by Bernard Widrow and
Ted Hoff at Stanford University in 1960 [23]
The LMS and NLMS algorithms are similar to the Wiener filter. In difference to the
constant filter parameters of the Wiener filter discussed in 2.3.3 the parameters of
the (N)LMS algorithm changes for each new sample. For this work only the FIR
NLMS algorithm is discussed as it offers some advantages in stability over the LMS
algorithm. [22]
2.3.4.2 Mathematics

An adaptive filter algorithm needs a so called update equation to calculate new filter
parameters for each sample. A general form of the update equation is given in
equation
𝑤𝑤𝑛𝑛+1 = 𝑤𝑤𝑛𝑛 + Δ𝑤𝑤𝑛𝑛

(18)

The goal of developing an adaptive filter is to find a way to calculate the iterative
update Δ𝑤𝑤𝑛𝑛 .

The LMS algorithm bases on the steepest descent adaptive filter and uses the
following update equation
𝑤𝑤𝑛𝑛+1 = 𝑤𝑤𝑛𝑛 + μe(n)x ∗ (𝑛𝑛)

(19)

This update equation is known as LMS algorithm. The problem with this algorithm
lies in the step size μ. This parameter must lie in a specific range so that the LMS
algorithm converges. The upper bound of this range is dependent from the
eigenvalue of the autocorrelation matrix 𝑅𝑅𝑥𝑥 . As 𝑅𝑅𝑥𝑥 is normally not known the step
size can only be assumed.
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To overcome this problem, the NLMS algorithm was developed. In the NLMS
algorithm the dependence of μ from the autocorrelation matrix is overcome
through using the power of x instead of it. So the update equation for the NLMS
algorithm is given by
𝑤𝑤𝑛𝑛+1 = 𝑤𝑤𝑛𝑛 + β

x ∗ (𝑛𝑛)
𝑒𝑒(𝑛𝑛)
‖𝑥𝑥(𝑛𝑛)‖2

(20)

2.3.4.3 Implementation

Figure 11 shows a block diagram of a LMS filter for the use of noise cancelling like
demanded for the actual research problem. The input 𝑥𝑥(𝑛𝑛) represents the
excitation signal to the UUT as well as the reference frequency. The measurement
signal is displayed as 𝑑𝑑 (𝑛𝑛) and the result is given by 𝑦𝑦�(𝑛𝑛).
A filter of this kind can be implemented using Matlab and a dataset for the values
𝑥𝑥 (𝑛𝑛) and 𝑑𝑑 (𝑛𝑛) which can be measured from a real system or generated in a
simulation of the system.

F IGURE 11: S IGNAL PROCESSING BLOCK DIAGRAM OF LMS FILTER [23]
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2.3.5

Lock-in amplifier

2.3.5.1 Background

Lock-in amplifiers are actually finished measurement systems for the measurement
of an input signal at a given frequency. The systems were developed in the 1930’s
and are nowadays available in as multifunctional measurement devices for signal
processing. [24]
In a signal processing view, lock-in amplifiers use so called phase sensitive detectors
(PSD). A PSD is an element using the cross-correlation function to determine single
components from an input signal using a given reference signal like shown in Figure
12b.

F IGURE 12: B LOCK DIAGRAM OF L OCK - IN AMPLIFIER ; A ) MEASUREMENT SYSTEM ; B ) SCHEMATIC OF THE LOCK - IN
AMPLIFICATION – PSD [24]
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2.3.5.2 Mathematics

The mathematical implementation of the Lock-In is given in equation (21). It
describes the cross correlation between the signals 𝑥𝑥 and 𝑦𝑦 at sample 𝑛𝑛
∞

(𝑥𝑥 ∗ 𝑦𝑦)(𝑛𝑛) ≜ � 𝑥𝑥 ∗ (𝑚𝑚)𝑦𝑦(𝑚𝑚 + 𝑛𝑛)

(21)

𝑚𝑚=−∞

For a measurement system equation (21) can be rewritten in order to calculate the
cross correlation 𝑅𝑅𝑥𝑥𝑥𝑥 for a sample with 𝑁𝑁 measurements.
𝑁𝑁

𝑅𝑅𝑥𝑥𝑥𝑥 = � 𝑥𝑥 ∗ (𝑚𝑚)𝑦𝑦(𝑚𝑚 + 𝑛𝑛)

(22)

𝑚𝑚=0

Following the correlation of the signal, a lock-in amplifier calculates the mean of the
signal. This part is typically configurable by changing the time span of the averaging
process. For discrete systems also the sample length can be adopted to achieve this
behavior. The complete formula describing the functionality of a lock-in amplifier is
shown in equation(23). [25]
𝑅𝑅𝑥𝑥𝑥𝑥

𝑁𝑁

1
= � 𝑥𝑥 ∗ (𝑚𝑚)𝑦𝑦(𝑚𝑚 + 𝑛𝑛)
𝑁𝑁

(23)

𝑚𝑚=0

In Figure 12b the described mathematical system of a lock in amplifier is shown. The
mixer as a multiplication unit is used to fulfill the convolution between the input
signal and the reference signal. The low pass filter directly after the mixer is used for
averaging. Through changing of the filter parameters different averaging times are
reached. The signal processing is done twice to get one result representing the real
part of the measurement signal and one result representing the imaginary or
quadrature part of the signal. This is reached by shifting the used reference +90°, so
using a cosine instead of a sine as reference.
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2.4

Comparison criteria

In order to be able to compare the discussed filtering methods against each other,
some characteristics must be defined which can be evaluated for each method.
For the comparison of the three chosen filters discussed in 2.3 the following
characteristics were chosen:
• Resulting Spurious-Free Dynamic Range (SFDR)
• Output Error (OE)
• Complexity of calculation and implementation
For the comparison, each filter gets the same input data for different measurement
situations. These situations aim to represent real measurement situations
The following chapters describe the comparison criteria in greater detail.
2.4.1

Spurious-Free Dynamic Range

The SFDR describes the ratio between the fundamental of a signal and the largest
spur of it. It is unimportant if the spur is harmonic or nonharmonic to the signal of
interest. It covers all frequencies from DC to half the sampling rate of a system in
order to fulfill Nyquist-Shannon theorem. [26]
The SFDR can be calculated by
𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 = 20 ∗ log

2.4.2

Output Error

𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝑜𝑜𝑜𝑜 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝑜𝑜𝑜𝑜 𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆

(24)

The output error describes the difference between the output of the actually used
filter to the real signal value.
𝑂𝑂𝑂𝑂 =

2.4.3

𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝑜𝑜𝑜𝑜 𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂 − 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝑜𝑜𝑜𝑜 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆
[%]
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝑜𝑜𝑜𝑜 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆

(25)

Complexity of calculation and implementation

For the third criteria the complexity of the used method is compared against each
other. This value depends on how many processes are necessary to analyze an input
signal. It is an important value as depending on it different types of DPU can be used
for the actual implementation.
This part is evaluated as measure based on the used Matlab-code.
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3 Process and results
3.1
3.1.1

Simulation

System model

For a structured comparison of the different methods a well-defined system model is
needed. The model clarifies which data is available for the different filters and how
the analysis of the output works.
Figure 13 shows a signal processing block diagram of the system model which is
referring to the measurement system described in 2.2.
The reference signal 𝑟𝑟(𝑘𝑘 ) serves here also as excitation signal to the UUT. The
UUT is described by the function ℎ(𝑘𝑘 ) to create the signal of interest 𝑑𝑑 (𝑘𝑘 ).
Together with the noise 𝜈𝜈1 (𝑘𝑘 ) the SOI forms the input to the filter element 𝑥𝑥 (𝑘𝑘 ).
The filter element is provided only as the DPU of the measurement system shown in
Figure 8. For the scope of this work it is assumed, that the anti-aliasing filter,
amplifier and AD-converter work under ideal conditions and do not introduce
further noise or disturbance.
The reference signal is also distributed to the filter element as 𝑟𝑟1 (𝑘𝑘 ). The additional
noise source 𝜈𝜈2 (𝑘𝑘 ) is added to be able to simulate analog provision of the reference
signal.
Finally the output of the filter element 𝑑𝑑̂ (𝑘𝑘 ) is used together with the SOI for the
evaluation of the used filter method.

F IGURE 13: S YSTEM MODEL
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3.1.2

Input parameters

Following the system model also the input to the three filters is standardized. From
Figure 13 it can be seen that the evaluation system has four inputs 𝑟𝑟(𝑘𝑘 ), 𝜈𝜈1 (𝑘𝑘 ),
𝜈𝜈2 (𝑘𝑘 ) and ℎ(𝑘𝑘 ).
The reference input 𝑟𝑟(𝑘𝑘 ) is delivered as a digitized sine wave with a resolution of
20Bits with fixed amplitude. The frequency of 𝑟𝑟(𝑘𝑘 ) can be changed but remains
fixed for each single simulation.

Variant

T ABLE 1: V ARIANT OF REFERENCE INPUT

Reference frequency

Amplitude

R1

100Hz

5

R2

1kHz

5

The two noise inputs , 𝜈𝜈1 (𝑘𝑘 ) and 𝜈𝜈2 (𝑘𝑘 ) are simulated as uncorrelated Gaussian
noise sources with variable standard deviation.
Variant

T ABLE 2: V ARIANT OF NOISE INPUTS

𝜎𝜎1

V1

0.001

0

V2

0.01

0

V3

0.001

0.005

V4

0.01

0.005

𝜎𝜎2

The transfer function ℎ(𝑘𝑘 ) of the UUT changes the amplitude and phase of the
reference signal. So it can be modeled as filter
Variant

T ABLE 3: V ARIANT OF UUT’ S

𝐴𝐴

H4

0.001

H5

0.001

45°

H6

0.001

90°
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0°

𝑝𝑝ℎ𝑖𝑖

3.2

Matlab model

With the defined comparison model and input parameters, the Matlab models for
the single filters can be developed. The mathematical basis for the used models is
given in 2.3.
3.2.1

Wiener filter

The system model described in 3.1.1 and Figure 13 cannot be used for a Wiener
filter. For the use of this type of filter the autocorrelation and cross-correlation of
the reference signal and input signal must be known and the reference signal noise
must be correlated to the noise on the input signal. [22]
As these parameters are not known, another system model is used instead to provide
some comparison data. The new model directly uses the noise 𝜈𝜈1 (𝑘𝑘 ) as reference
input.
3.2.2

NLMS-filter

The NLMS-filter is set up with the system model described in 3.1.1 from the
information of the signals 𝑥𝑥 (𝑘𝑘 ) and 𝑟𝑟1 (𝑘𝑘 ) a NLMS adaptive filter is used to
calculate the estimate of the SOI 𝑑𝑑 (𝑘𝑘 ).
For calculation of the NLMS filter the native function of Matlab is used. From the
function description it can be seen that the same mathematical function is used for
the calculation of the NLMS filter as described in 2.3.4. [27]
In order to be able to use the filter element, the incoming data stream is saved into
an array which is subsequently used for filtering.
The filter length or order is set through a variable in the function call. For the
purpose of this work a NLMS filter of 20th order is used.
3.2.3

Lock-in amplifier

Like the NLMS filter the Lock-in also works according to the system model
described in 3.1.1.
The Lock-in further uses the information of reference frequency and sample rate of
the input to simulate phase shift of the reference signal by 90°. This is done to be
able to determine the real and quadrature part of the incoming data stream.
The Lock-In is not described with a filter order instead the length of the used signal
is important for the calculation of 𝑑𝑑̂ (𝑘𝑘 ). A higher length is corresponding to a
longer integration time and leads to a higher accuracy of the filter. For this work a
filter length of 0.1s is used.
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3.3

Results

In this chapter the simulation result of each filter type is presented. This is carried
out through presenting images of diagrams representing each measurement case and
a comprehensive table with all results. Based on these results a discussion is carried
out in chapter 4.
A detailed table with all simulation information is provided in Appendix A. The
following chapter provides charts and diagrams of the results.

3.3.1

Wiener filter

In Figure 14 and Figure 16 the results of the Wiener filter are shown. The result of
the spurious free dynamic ranges shows a worse result than the original data. As
seen in Figure 15 this behavior results from a bad Q-factor of the Wiener filter. The
first diagram shows the SFDR of the incoming signal 𝑥𝑥 (𝑘𝑘 ), the second one the
calculated 𝑑𝑑̂ (𝑘𝑘 ). As the largest spur is located very near to the fundamental, a
higher order of the filter could lead to a better result.

F IGURE 14: SFDR OF W IENER FILTER FOR DIFFERENT SYSTEM SETTINGS
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F IGURE 15: SFDR DIAGRAM OF W IENER FILTER IN S YSTEM S ETTING R1-V1-H6

In Figure 16 can be seen that the output error is mostly lower than the one of the
incoming data 𝑥𝑥 (𝑘𝑘 ).

F IGURE 16: OE OF W IENER FILTER FOR DIFFERENT SYSTEM SETTINGS
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3.3.2

NLMS-filter

Figure 17 and Figure 18 show the SFDR and OE for the NLMS-filter. The two
charts show that the NLMS filter provides in all simulations significant lower error
than on the incoming data. The SFDR of 𝑑𝑑̂ (𝑘𝑘 ) is mostly in the same region as the

one of 𝑥𝑥 (𝑘𝑘 ) but performs better than the Wiener filter.

F IGURE 17: SFDR OF NLMS FILTER FOR DIFFERENT SYSTEM SETTINGS

F IGURE 18: OE OF NLMS FILTER FOR DIFFERENT SYSTEM SETTINGS
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3.3.3

Lock-in amplifier

Figure 19 shows the output error of the lock-in. It can be seen that the lock-in
provides the best output error of all tested filter. It can be seen that the output error
is dependent from the error on the reference signal. In all cases where the reference
signal is not affected by noise the OE is lower than in that cases the reference is
affected by noise.

F IGURE 19: OE OF L OCK - IN FOR DIFFERENT SYSTEM SETTINGS
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The SFDR of the Lock-in amplifier cannot be determined as the output of this
function is a value corresponding to the actually measured power of the correlation
signal. The output of the function can be seen in Figure 20.
The output of the filter clearly shows that the lock-in needs some time to adapt to
the system and converge to the final output value. The step in the output signal at
0.1s comes from the used filter length of 100,000 samples at a sample rate of
1MS/s. After reaching this value a moving average is calculated. As the chosen filter
length is a multiple of the signal frequency, the average remains at the same value
varying only with the measuring signals amplitude.

F IGURE 20: O UTPUT OF L OCK - IN

29

3.3.4

Complexity of calculation

This chapter discusses the complexity of calculation of the single models.
The chosen recursive inverse Wiener filter is the one to start with. From [21] it can
be noted that the recursive inverse algorithm needs a fixed amount of calculation
steps for a given filter length N. It is described by the amount of Addition- and
Subtraction-units (Add. /Sub) needed and Multiplication and Division-Units
(Mult. /Div.) needed for calculation. The number of needed units is separated from
the formula to calculate the amount using an “” sign.
Add. /Sub.
Mult. /Div.




2𝑁𝑁 2 + 𝑁𝑁
2. 5𝑁𝑁 2 + 3.5𝑁𝑁

(26)

For the NLMS algorithm of Matlab no information about the actual computational
complexity was found. The work [28] describes the computational complexity of an
NLMS algorithm (filter length = L) with
Add. /Sub.
Mult. /Div.




2𝐿𝐿 + 1
3𝐿𝐿 + 50

(27)

The Lock-In algorithm was implemented on the basis of the mathematics shown in
2.3.5. With the necessary computations for the implementation this leads to a
needed amount of
Add. /Sub.
Mult. /Div.




7
8
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(28)

4 Discussion
Comparing the results of the different filter types it can easily be seen that the lockin provides the best accuracy among the compared types.
Here it must be stated that the lock-in works on a different principle than the other
two filters. The Wiener and NLMS-filter work on the principle of noise cancelation
by estimating the actual signal using a given reference sample. This reference sample
must be correlated with the actual noise in some way to be able to adapt to this
source.
The lock in on the other hand uses the principle of correlation to filter out a single
frequency of a signal. The output of the filter algorithm is a static value directly
corresponding the amplitude of the frequency of interest in the measurement signal.
So the lock in basically needs a measurement signal and a frequency of interest to be
functional. By increasing the filter length, the pass band of the filter is decreased.
This brings also one problem of the lock-in. When an analogue signal is used as
reference, typically this signal is also influenced by noise. This disturbed reference
signal directly influences the output of the filter.
Another difference of the lock-in is that it has two outputs corresponding to the real
and quadrature part of the signal of interest. Using these two values can also be used
to calculate a phase shift of the measurement signal to the reference signal.
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An interesting anomaly is found by comparing the SFDR values and OE values of a
single measurement. Taking for example the simulation R1-V3-H6 using the NLMS
filter shows a lower SFDR but also a lower OE. This can be explained by looking at
the SFDR-diagram in more detail. It can be seen that the NLMS filter removes noise
with higher frequency better than low frequency noise. So the overall power of the
noise is much lower while the low frequency amplitude of the noise is in this case
higher than the one of the original signal. The detailed SFDR-diagram is shown in
Figure 21.

F IGURE 21: D ETAILLED SFDR – TOP X ( K ); BOTTOM D HA T ( K ) USING NLMS- FILTER
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F IGURE 22: NLMS- FILTER INPUT - OUTPUT COMPARISON

The NLMS-filter output remains the same signal as the input signal with removed
noise. In some applications it is important to have direct access to this signal for
other measurements. Moreover the adaptive filter can also use the excitation signal
to the UUT as reference. As the excitation signal and the measurement signal are
correlated through the UUT’s transfer function and noise and distortion are added
by external sources, the NLMS filter can be used to identify 𝑑𝑑̂ (𝑘𝑘 ) or the transfer
function directly.
The complexity of calculation for each filter type shows huge difference. The
Wiener filer needs the most computations and leads to the worst results. The NLMS
and Lock-In algorithm need a moderate amount of resources for a considerable
increase of signal quality.
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5 Conclusions
Through the simulation of the three filter types, Wiener, NLMS and Lock-In, it can
be seen that the choice of filter is dependent from the application.
For the use in a pure measurement system the Lock-In is the best choice as it has the
best characteristics for determining the amplitude and phase of a single known
frequency from a measurement signal buried in noise. Moreover the least effort for
the arithmetic unit of the used processor is necessary for the Lock-In.
In case of a pure noise canceling system, the NLMS filter is a better choice. It
reduces the noise power on the signal significantly whilst remaining the original
signal shape and structure.
The next steps to verify the simulation result under real conditions is to set up a real
measurement system. Using this measurement system a data stream can be captured
in order to feed the simulation. Following this step, the different filter algorithms
can be implemented in an embedded data processing unit like a microcontroller or
FPGA.
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Appendix A – Simulation results
T ABLE 4: S IMULATION RESULTS

Ref
freq
100Hz
100Hz
100Hz
100Hz
100Hz
100Hz
100Hz
100Hz
100Hz
100Hz
100Hz
100Hz

Noise
v1
0.001
0.001
0.001
0.001
0.001
0.001
0.1
0.1
0.1
0.1
0.1
0.1

v2
0
0
0
0.005
0.005
0.005
0
0
0
0.005
0.005
0.005

Transfer
function
A
phi
0.001
0.001
0.001
0.001
0.001
0.001
0.001
0.001
0.001
0.001
0.001
0.001

0
π/4
π/2
0
π/4
π/2
0
π/4
π/2
0
π/4
π/2

Description
R1-V1-H4
R1-V1-H5
R1-V1-H6
R1-V3-H4
R1-V3-H5
R1-V3-H6
R1-V2-H4
R1-V2-H5
R1-V2-H6
R1-V4-H4
R1-V4-H5
R1-V4-H6

Orig
50.6
50.59
50.58
50.6
50.59
50.58
30.77
30.77
30.73
30.77
30.77
30.73

SFDR [dB]
Wiener
NLMS
50.38
50.82
21.53
50.81
18.35
50.81
50.38
50.79
21.53
50.98
18.35
49.53
30.59
30.92
28.08
30.93
26.33
30.91
30.59
30.93
28.08
30.93
26.33
30.89

A1

LI
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA

Orig
3.9385
3.8814
3.8519
3.9385
3.8814
3.8519
199.97
199.99
199.95
199.97
199.99
199.95

OE [%]
Wiener
NLMS
-7.082
0.233
-90.35
0.183
-94.22
0.151
-7.082
0.241
-90.35
0.408
-94.22
0.596
47.20
19.46
33.03
19.58
21.57
19.49
47.20
20.06
33.03
20.46
21.57
20.61

LI
0.036
-0.018
0.057
0.032
-0.023
-0.062
0.298
0.324
0.165
0.293
0.319
0.160

T ABLE 5: S IMULATION RESULTS CONTINUED

Ref
freq
1kHz
1kHz
1kHz
1kHz
1kHz
1kHz
1kHz
1kHz
1kHz
1kHz
1kHz
1kHz

Noise
v1
0.001
0.001
0.001
0.001
0.001
0.001
0.1
0.1
0.1
0.1
0.1
0.1

v2
0
0
0
0.005
0.005
0.005
0
0
0
0.005
0.005
0.005

Transfer
function
A
phi
0.001
0.001
0.001
0.001
0.001
0.001
0.001
0.001
0.001
0.001
0.001
0.001

0
π/4
π/2
0
π/4
π/2
0
π/4
π/2
0
π/4
π/2

Description
R2-V1-H4
R2-V1-H5
R2-V1-H6
R2-V3-H4
R2-V3-H5
R2-V3-H6
R2-V2-H4
R2-V2-H5
R2-V2-H6
R2-V4-H4
R2-V4-H5
R2-V4-H6

Orig
50.6
50.6
50.59
50.6
50.6
50.59
30.83
30.85
30.79
30.83
30.85
30.79

SFDR [dB]
Wiener
NLMS
42.53
49.81
21.83
49.81
18.42
49.8
42.53
49.8
21.83
49.76
18.42
49.75
32.02
32.26
31.66
32.3
27.42
32.24
32.02
32.24
31.66
32.28
27.42
32.22

A2

LI
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA

Orig
3.9644
3.9761
3.9601
3.9644
3.9761
3.9601
199.94
199.95
199.92
199.94
199.95
199.92

OE [%]
Wiener
NLMS
-15.37
0.277
-89.46
0.278
-94.20
0.248
-15.37
0.278
-89.46
0.289
-94.20
0.272
47.26
20.41
34.31
20.47
21.55
20.30
47.26
20.41
34.31
20.50
21.55
20.35

LI
0.230
0.248
0.238
0.226
0.243
0.233
0.421
0.485
0.382
0.416
0.480
0.378

