
 

 

 

 

  

 

FACULTY OF ENGINEERING AND SUSTAINABLE DEVELOPMENT . 

 

 

 

 

 

Design and implementation of temporal filtering and other data fusion algorithms to enhance 

the accuracy of a real time radio location tracking system 

 
 

Zohaib Mansoor Malik 

 
September, 2012 

 

 

Master’s Thesis in Electronics/Telecommunications 

 

 

 

 

  

 

Master’s Program in Electronics/Telecommunications 

Examiner: Prof. Daniel Rönnow 

Supervisor: Prof. Sven Zeisberg 



 

i 

 

Preface 

 

First and foremost, I am thankful to Almighty Allah for his blessings, without which I may 

not have been able to complete this thesis. 

 

I would like to thank Prof. Sven Zeisberg, my supervisor and Mr. Erik from Zigpos, at HTW, 

Dresden for providing me the opportunity to work along some very hard working and 

dedicated people. 

 

I would like to thank all my colleagues, and the staff at University of Gävle, especially in the 

Department of Technology and Build Environment, for their support and effort during my 

entire study period here. 

 

And last but not the least, I would like to dedicate this thesis to my family who have been 

there whenever I needed them, and who have loved and supported me unconditionally all my 

life. And I will forever be grateful to the Almighty for that. 

 

  



 

ii 

 

Abstract 

 

A general automotive navigation system is a satellite navigation system designed for use in 

automobiles. It typically uses GPS to acquire position data to locate the user on a road in the unit's 

map database. However, due to recent improvements in the performance of small and lightweight 

micro-machined electromechanical systems (MEMS) inertial sensors have made the application of 

inertial techniques to such problems, possible. This has resulted in an increased interest in the topic of 

inertial navigation. 

In location tracking system, sensors are used either individually or in conjunction like in data fusion. 

However, still they remain noisy, and so there is a need to measure maximum data and then make an 

efficient system that can remove the noise from data and provide a better estimate. 

The task of this thesis work was to take data from two sensors, and use an estimation technique to 

provide an accurate estimate of the true location. The proposed sensors were an accelerometer and a 

GPS device. This thesis however deals with using accelerometer sensor and using estimation scheme, 

Kalman filter. 

This thesis report presents an insight to both the proposed sensors and different estimation techniques. 

Within the scope of the work, the task was performed using simulation software Matlab. Kalman 

filter’s efficiency was examined using different noise levels.  
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CHAPTER 1 

 

Introduction 
 

Navigation is something that has been present and has evolved throughout the human history. The 

humans used the speed and direction of wind, positions of stars and sun for navigation. While other 

living beings like birds, bees use a complex navigation system to travel from one point to another.   

As the humans evolved, the imagination of human mind led them to invent objects to carry out this 

task. The use of a magnetic compass has been recorded as early as 200 BC. A Navigation system can 

simply be defined as a device that can determine the position and the speed of a reference object. It 

uses the coordinates of the reference object with respect to the reference coordinate system, to carry 

out the task.  

Navigation can be defined as a mode of determining position and the course of an object using 

different modes such as geometry, astronomy etc. Navigation requires two major processes to be 

carried out. One, the position and the velocity of the object has to be measured with respect to a 

known reference system. The second being, using the information from the position and velocity and 

then formulating the course of that object avoiding obstacles in the path.  

Nowadays GPS is the most widespread navigation system. This device enables seafarers to plot their 

course to an accuracy that greatly encouraged maritime activity. GPS has affected mankind in such a 

way that it has allowed us to go through places which no one knew. However, in certain applications 

GPS is not a viable solution. 

An inertial navigation system on the other hand is something that has evolved with time. It has been 

developed for a wide range of vehicles including aircrafts, cars, ships, guided missiles etc. It is a 

Navigation System which is aboard the reference vehicle and requires user components such as 

navigation sensors which measure properties through which the positioning and tracking of the 

reference vehicle can be carried out. The most common known Inertial Navigation sensors are 

Accelerometers and gyroscopes. The accelerometers measure the acceleration while the gyroscopes 

measure the angular rotation of the reference object. This sensor array is known as Inertial 

Measurement Unit (IMU).  Using the measurements from IMU, the INS can calculate the altitude, 

position and velocity of the reference object. 
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INS thus does not depend on the other applications like GPS, and thus works regardless of external 

influences. Thus, it becomes possible to track an object where GPS does not work due to signal 

strength or jamming. The accuracy of INS degrades with time, however when used in a short time 

span; its precision is higher than that of a GPS. 

As the inertial sensor error grow due to the numerical integration of acceleration and rotation rate, an 

accurate analysis of the sensor measurements thus becomes essential. Therefore, Sensor fusion can be 

utilized, as the combination of different types of sensors may lead to better performance than possible 

with a single sensor. Appendix A provides some theoretical background regarding Sensor fusion.  

Also, a temporal filtering technique can be used to estimate the error in the measurements and 

correctly estimate the state of object. A Kalman filter is a filtering algorithm which can remove noise 

from the signal while retaining the useful information. It is a tool that can estimate a wide variety of 

process variables. 

 

1.1 - Problem Statement 

The scope of this thesis deals with data fusion from two sensors: one from the accelerometer, and the 

other from a GPS receiver. GPS is widely utilized in the automation industry for navigation. However, 

the data from GPS is not always precise when the locating object is moving too fast, or when the 

device cannot receive maximum signals from the satellites for example passing through a tunnel, or 

moving through forests where signals experience fading etc. In such cases, a more reliable device can 

be used like an accelerometer, which can give precise measurements.  

However, when used for a long time, the errors from INS itself increase, as position derived is 

integrated twice and so the noise also gets integrated twice. Thus, the position or location derived from 

INS deviates from the true position of the device, as error increases with time without any bound [1]. 

 

 

1.2 - Thesis Outline 

The framework of this thesis report is formulized in chapters, and it comprises: 

� Chapter 1: Introduction – This chapter presents the introduction to this thesis project and the 

description of the thesis problem statement. 

� Chapter 2: Navigation System – A brief theoretical background of Navigation systems is 

presented. Contemporary Satellite and Inertial Navigation schemes are elaborated in detail. 

� Chapter 3: Temporal Filtering – A brief theoretical background of Temporal filtering is 

presented. Different temporal filtering techniques are explained. 
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� Chapter 4: Accelerometer Implementation in Matlab – This chapter provides an insight to 

the methodology adopted to implement Accelerometer data in Matlab. 

� Chapter 5: Kalman Filter Implementation in Matlab – This chapter explains the 

methodology adopted for implementation in Matlab. Filter parameters are also discussed here. 

� Chapter 6: Results – This chapter provides the results of some experiments using the 

methods explained in chapter 4 and 5. 

� Chapter 7: Conclusion and future work – This chapter explains the outcome of this thesis 

work and discusses the implementation of done work for future implementations. 
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CHAPTER 2 

 

Navigation System 
 

Over the years, many technologies have been used to develop positioning for navigational uses. The 

Global Positioning System (GPS) has emerged all over the world as the leading system for position 

navigation. However, even though the accuracy of GPS is not very precise, its use is more 

questionable when conditions are not favorable which results in degraded measurements. In certain 

areas, e.g. in mountainous surroundings or in foggy, cloudy weather, the GPS signal is either not 

present or very inaccurate because of multipath interference and fading. Similarly when a vehicle is 

going through a tunnel or under water, GPS signal cannot be measured. 

With these potential inaccuracies, a reliable backup navigation system is needed.  

The position of a device can also be estimated by using Wi-Fi access points at device current position. 

The accuracy of estimation however becomes much worse than that of GPS because of its dependency 

on the density of access points. 

The use of INS for tracking an object is being employed widely for its efficient cost and relatively 

accurate estimation. INS, an acronym of Inertial Navigation System depends on the measurements 

from the inertial measurement unit (IMU) for navigation. Popular IMU’s for outdoor navigation are 

accelerometers, which measures the translatory or dynamic acceleration of IMU, and Gyroscope, 

which measures the angular rotation of the IMU. 

The relative positioning systems (also known as dead reckoning systems) track the position of objects 

relative to their initial locations and orientations. However, like with any other system, the errors also 

contribute to the incorrect calculation of position and velocity parameters of IMU due to the sensor 

errors, system errors and calculation errors [1]. 
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2.1 - Satellite Navigation System 

Satellite Navigation System is a term for the Navigation Systems that provide the user with a three-

dimensional positioning solution by passive ranging using radio signals transmitted by orbiting 

satellites [2]. There are a number of systems that aim to provide the global coverage. A Satellite 

Navigation System with global coverage may be termed a Global Navigation Satellite System 

(GNSS). The most well-known is the Navigation by Satellite Timing and Ranging (NAVSTAR) 

Global Positioning System (GPS), owned and operated by the U.S. government and usually known as 

GPS. The Russian GLONASS is also operational. The European Galileo System is also under 

development, while proposals to provide global coverage for the Chinese Compass System have been 

announced. In addition, a number of regional satellite navigation systems enhance and complement 

GNSS. [2] 

 

2.1.1 - GPS 

GPS is a satellite-based radio navigation system. There are a lot of applications that have benefited us 

individually and collectively because of GPS. GPS is provided as a common good by the U.S. 

Government and is free for users all around the world [2]. 

The GPS system can be divided in three working phases. In the first phase are the satellites that 

transfer the information regarding the position, then there are ground control stations which monitor 

the orbiting satellites, define the orbit for them, updates the transmitted information and corrects the 

clock errors, and then there are receivers, that collects the data from the satellites and calculates its 

current position [3]. 

The GPS system consists of 24 operational orbiting satellites, known as NAVSTAR at 55 degree 

orbital plane and is at altitude of 20,000 meters [2]. The time taken by a satellite to complete an orbit 

is approximately 12 hours and thus flies over the same position twice a day [2]. In order to calculate 

position, the receiver utilizes a time-difference-of-arrival model through the on board atomic clocks 

and the exact location of the satellite to do navigation. In order to determine an accurate position, 

signals from at least four satellites are required [3]. 
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Figure 2.1: A minimum of four satellites are required for precise positioning 

Figure 2.1 above illustrates how different locations on the surface of earth are covered by a satellite, 

and how with the increasing number of satellites, true position can be measured more precisely. It can 

be seen that location marked as dashed area and pointed by a red arrow, is defined by three satellites, 

and with the addition of fourth satellite, the possible locations are reduced to two, of which only the 

other one is located on earth. 

 

GPS Receivers: 

A GPS receiver is a navigation device that receives Global Positioning System (GPS) signals in order 

to determine the device's current location. A GPS device provides the latitude and longitude 

information and in some case, also provides altitude information. 

In order to correctly monitor the data, each satellite is assigned an individual code so that the 

transmitting satellite can be recognized by the GPS receiver. By matching the shift of incoming code 

with its own code, the receiver measures the speed and time taken by the signal to reach the receiver 

and thus calculates the distance from the transmitting satellite and the position with nominal 

inaccuracy of few meters [4].  
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Due to the increasing popularity of GPS usage, the types of receivers available have also increased. 

However, the GPS receiver should be chosen depending on the usage requirement, for example, for an 

application regarding mapping, one should look for sensitivity rather than positional accuracy in a 

receiver. This is because positional accuracy evaluates the proximity of GPS location in relation with 

the true position on earth surface. Sensitivity on the other hand relates how much satellites the receiver 

can get connected to or how much the GPS signals a receiver acquires. 

 

2.1.2 - GLONASS 

A second configuration for global positioning is the Global Orbiting Navigation Satellite System 

(GLONASS). GLONASS is placed in orbit by the Russian Republic. 

Like GPS, GLONASS also utilizes 24 satellites. The system requires 18 satellites for covering entire 

Russian territory and 24 satellites for covering worldwide territory. They are uniformly distributed in 3 

orbital planes with 8 satellites in each plane. The inclination angle of each orbital plane relative to 

equator is 64.8˚, and are separated from each other by 120˚ multiples. The orbital radius is 

approximately 20,000 km [2]. 

GLONASS utilizes similar methods as GPS for receiving and analyzing the satellite signals. 

GLONASS Ground-based Control Complex (GBCC) comprises of a System control center, two 

monitor stations and four telemetry, tracking and control stations (TT&C) [1]. 

 

2.1.3 - GALILEO 

The Galileo system is the third satellite-based navigation system and is currently under development. 

Its frequency and signal design are developed by the European Commission’s Galileo Signal Task 

Force. The project was initiated by European Commission in March 2001. Unlike GPS and 

GLONASS, GALILEO is being developed purely for civil navigation system. It is being managed by 

GNSS Supervisory Authority (GSA) [2]. 

GALILEO has a constellation of 30 orbiting satellites, 27 of which will be operational while 3 will be 

placed as active spares. The distribution of satellites will be in 3 orbital planes. The inclination angle 

of each orbital plane relative to equator is 56˚, and will be separated from each other by 120˚ 

multiples. The orbital radius is 23,222 km [2]. 

GALILEO’s ground control segment is divided in two systems, Ground Control Segment (GCS) and 

Ground Mission Segment (GMS). GCS will be used to control the satellites hardware and 
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constellation maintenance, while GMS will be used to control and monitor the navigation signals, 

which includes the generation of navigation data messages and integrity alerts [1]. 

Apart from GPS, GLONASS and GALILEO, there are some other Satellite Navigation Systems there 

and have been developed.  

� Compass/BeiDou Navigation Satellite System: The Chinese BeiDou Navigation Satellite 

System provides positioning, timing and communication services to the users in China. It 

consists of 5 geostationary and 30 non-geostationary satellites [1,2]. Service is currently 

provided to users in China with the release of 10 satellites, while 35 satellite constellation is 

scheduled to be operational till 2020, providing users with the global coverage. 

� Indian Regional Navigation Satellite System (IRNSS): IRNSS satellite constellation 

regional coverage for positioning, navigation and timing services. The constellation is under 

development and is planned to be realized by 2014. It will comprise of seven satellites, 3 of 

which will be in geostationary orbit and 4 will be in geosynchronous orbit [2]. 

 

2.2 - Inertial Navigation System 

An Inertial Navigation System is a navigational aid where using inertial sensors, the orientation, 

velocity and position of a device or a vehicle can be tracked. It consists of an IMU along with a 

navigation processer, which takes measurements from the IMU and then estimates the orientation, 

position and the velocity by measuring the linear and angular accelerations applied to the IMU. The 

angular rate measurements taken from a Gyroscope are used to track the orientation of IMU relative to 

its frame by the processer. The linear acceleration due to forces applied to the IMU is measured form 

the accelerometer. The acceleration due to the gravity is then added to obtain the actual acceleration of 

the IMU. 

Thus, by knowing the orientation from Gyroscope and linear acceleration from Accelerometer, the 

processer can track the inertial measurement unit (IMU). Performing integration on the inertial 

acceleration using correct kinematic equations can then produce the velocity, and integrating it once 

more produces the position of IMU in the reference frame. 

Inertial Navigation System works independent of external influences, and thus does not depends on 

other navigation systems like GPS etc. So the application of INS becomes of much importance where 

GPS is not available. However, the accuracy of INS degrades with time due to the measurement 

inaccuracies and then external reference such as GPS can be used to correctly estimate the IMS. For 

short time spans however, the INS provides precise and accurate measurements then GPS. 
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Most of the Inertial Navigation Systems are self-contained. The most practical implementation is in 

the form of 3 accelerometers and 3 gyroscopes. The gyroscopes oriented in three dimensions detect the 

change in orientation of IMU in the relative frame, like tilting left or right, forward or backward 

direction. The accelerometers are also oriented in the three dimensions, hence detecting any linear 

acceleration in the relative frame, like movement in forward or backward direction, up or down. Using 

information from these IMU’s, the INS processer can then detect any acceleration, bumps, turn, climb 

etc. 

 

2.2.1 - Accelerometer 

An accelerometer is a sensor that measures the acceleration of a device, be it static or dynamic. It 

measures the physical acceleration experienced by an object due to inertial forces or due to its 

mechanical excitation. Conceptually, it can be said that accelerometer behaves as a proof mass on a 

spring. And so when the accelerometer experiences acceleration, the mass is displaced and the 

displacement covered is then measured in the form of acceleration. 

The accelerometer based on the above mentioned phenomenon can be seen in Figure 2.2:   

 

Figure 2.2: A Mechanical accelerometer [5] 

 

A pickoff measures the position of the mass with respect to the case. When a force along the sensitive 

axis is applied to the case, the proof mass continues at its previous velocity, so the case moves with 

respect to the mass, while compressing one spring and stretching the other. The stretching and 

compressing of the springs thus change the force that is transmitted to the mass [5]. As a result, the 

case moves with respect to the mass until the acceleration of the mass due to the forces exerted by the 

springs, matches the acceleration of the case due to the externally applied force on the case. The 
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resultant position of the mass with respect to the case is proportional to the acceleration applied to the 

case. Thus, by measuring this with a pickoff, acceleration is measured.  

Accelerometer measures the acceleration of the free-fall reference frame (inertial reference frame) 

relative to itself. Therefore, all accelerometers sense a specific force, the non-gravitational 

acceleration, not the total acceleration. 

By measuring the static acceleration, the tilt angle of the device with respect to earth can be measured. 

And by measuring dynamic acceleration, the behavior of the device can be measured, like in which 

way the device is moving etc. 

 

2.2.1.1 - Classes of Accelerometers 

Accelerometers can be classified in two main classes, mechanical and solid state devices.  

1. Mechanical 

In mechanical accelerometers, the proof mass is suspended by springs via a pendulous arm and 

hinge. This enables the mass free to move along the sensitive axis. By measuring the displacement 

from the pickoff, the mass displacement is calculated when a force is exerted [5]. This enables us 

to measure the force acting on the mass in the direction of the input axis. Figure 2.2 shows a 

mechanical accelerometer. 

2.  Solid State 

The solid state accelerometers can be classified in different groups, for example Surface acoustic 

wave, vibratory, quartz, silicon devices. A surface acoustic wave (SAW) accelerometer has a 

cantilever beam which resonates at a particular frequency. A mass which is free to move is 

associated with a tip of the beam. On the other end, it is strongly linked to the case.  

 

Figure 2.3: Surface acoustic wave accelerometer [6] 
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The beam bends along the axis the acceleration is applied. The surface acoustic wave frequencies 

change proportionally to the applied stress. This change in frequency can determine if the 

acceleration device is under some force or not. 

 

2.2.1.2 - Types 

There are varieties of accelerometers used for different applications based on their requirements for 

range, frequency etc. Some of the most common types of above described classes are written below. 

 

1. Capacitive 

In Capacitive accelerometers, the acceleration force drives the acceleration and varies the capacitance 

of the capacitive plates beside it. Thus by measuring the change in capacitance, the force is measured. 

The capacitive accelerometers have the advantage of dissipating less power, higher bandwidth and 

being less affected by noise and variations due to temperature. They perform superior in low 

frequency range. 

2. Piezoelectric 

The Piezoelectric accelerometers have a crystal or quartz attached to the mass. When a force is exerted 

on the mass, the attached crystal gets stressed. This generates an electric voltage along the crystal. The 

measure of this voltage is the measure of acceleration exerted by the force on the mass. 

Piezoelectric accelerometers can be best utilized for vibration and shock measurements due to their 

higher dynamic range. They also provide excellent linearity over the dynamic range. However, they 

can have high temperature transient sensitivity. 

3. Piezoresistive 

The Piezoresistive accelerometers work on the same principle as that of Piezoelectric accelerometers, 

however, instead of crystal, a potentiometer is attached to the proof mass. A change of force moves the 

mass back or forth, thus changing the resistivity of potentiometer due to the electric current flowing 

across it. Measure of resistance enables the measurement of the force exerted on mass.  

Piezoresistive accelerometers can be used in high shock applications. They have an advantage over 

Piezoelectric accelerometers as they can measure accelerations very close to zero Hz. 

4. Resonant 

The Resonant or Vibrating-beam accelerometer retains the proof mass and pendulous arm from the 

pendulous accelerometer. However, the proof mass is supported along the sensitive axis by a vibrating 
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beam. A resonant accelerometer, which utilizes an electrostatic stiffness changing effect, has special 

features of high sensitivity, electrical tunability, and very simple fabrication process [4]. 

The Resonant accelerometer has advantages over Capacitive accelerometers because of their inherent 

self-test ability and their wide dynamic range. They also maintain high resolution and are very stable. 

5. MEMS 

Modern accelerometers are often small micro electro-mechanical systems (MEMS). There are two 

main types of MEMS accelerometers. One consists of mechanical accelerometers manufactured using 

MEMS fabrication technique, while the other type measures the change in tension of the vibrating 

element, such as SAW accelerometer.  

The advantage of MEMS accelerometers is that they are very small, have low power consumption and 

small start-up times. However, they are not as accurate as the accelerometers that are manufactured 

using traditional techniques. However, the performance of MEMS devices is improving rapidly due to 

the advancements in MEMS technology. 

 

Due to recent advances in MEMS technology, the accelerometers come as very sensitive devices. So 

when an object changes its position with respect to gravity, or goes through the inclination or gets 

tilted, the movement is rather slowly interpreted as compared to the vibrations and shock the device 

goes through. Due to this, the sensing range varies from low g to high g today, to facilitate the 

bandwidth capability associated with the potential applications of device which range from sensing 

human motion to vehicle motion etc. 

 

2.2.1.3 - MEMS Accelerometer Specifications 

Although accelerometers are used widely, however depending on application, the device specifications 

gain much importance. Some of the specifications of accelerometer are as under: 

 

Dynamic range 

The dynamic range of an accelerometer is the minimum or maximum amplitude that it can measure 

before it distorts the signal. It is typically specified in g. 
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Frequency response 

Frequency response of an accelerometer is the frequency range of an accelerometer for which it will 

detect motion and report the true output and is within any specified deviation. Frequency response is 

typically specified in Hz. 

Sensitivity 

Sensitivity of an accelerometer can be measured as a measure of change in output signal compared to 

change in input signal. It determines the accelerometer’s ability to measure low and high magnitude 

vibrations or motion. Sensitivity of accelerometer is typically specified in (� �⁄ )	or	(� 	

�� ). 

Sensitive axis 

The sensitivity axis of an accelerometer defines the reference axis or plane in which the 

accelerometers can detect motion. A single axis accelerometer can measure inputs in only one axis. Tri 

axis accelerometers are used in a lot of applications nowadays as they can detect motion in all 3 axes. 

 

Zero g offset 

The zero g offset of an accelerometer is the deviation of accelerometer’s output from its true position 

when the sensor is not under any motion. It is typically defined in mg. 

 

2.2.1.4 - MEMS Accelerometer Noise 

MEMS accelerometers are used in a wide number of applications due to their very small size. 

However, they are bound to produce some noise internally as well. These noise parameters thus 

constitute the choice for the application they are used in. The reason they are very important to be 

addressed is because accelerometer generated error gets integrated twice in order to track the position, 

thus the result may not present the true position of the tracking device. 

 

Some of the common noise parameters of MEMS accelerometers are described below. 

Constant Bias 

Bias is measured as the offset of accelerometer’s output from its true value. The bias of an 

accelerometer can be estimated when it is not going under any acceleration. However, this is not the 

case. A component of accelerometer axis is affected by gravity none the less. If not removed, the bias 

error gets integrated twice, growing quadtratically with time; thus causing an error in estimating the 

true position, as can be seen by the equation 2.1 below: 
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s(�) = �. t�2 																																																																						(2.1) 
where � represents the bias error and s(t) represents error in calculated position with time �. 
It can however be minimized by using calibration routines with different device orientations. 

Flicker Noise / Bias Stability 

The flicker noise of a MEMS accelerometer causes the bias to change over time. The uncertainty in 

velocity increases proportionally with time � to �� �� , while for position, it increases proportionally to 
�� �� , due to the second and third order random walk generated by the flicker noise. 
Temperature Effects 

Just like flicker noise, the temperature changes also contribute in the changes in the bias of 

accelerometer’s output. Due to this, if not completely removed, the error increases quadratically with 

time. Although the relationship between the bias and temperature effects depends on specific device, it 

is often nonlinear. 

Calibration Errors 

Errors in alignment, output linearity and scale factor of the device contribute to the calibration errors. 

They appear as bias error while the device is under some force and is accelerating. These bias errors 

can appear even when the device is stationary, as gravitational acceleration can cause them also. 
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CHAPTER 3 

 

Temporal filtering techniques 

 

The development of estimation techniques from noisy measurements has been available for a very 

long time, and it goes back to 18th century when it was used by Gauss, who used least squares method 

for estimation. Least square estimation is a time honored estimation procedure and is perhaps the most 

widely used data analysis technique. It is widely used to find or estimate the numerical values of the 

parameters to fit a function to a set of data and to characterize the statistical properties of estimates. 

 

Later Fisher, Wiener and Kalman worked on advanced optimal recursive filter techniques in order to 

achieve the same goal. Gauss addressed the issue for determining how much measurements are needed 

to estimate the unknown quantities. 

 

An optimal estimator, with mathematical proof, minimizes the estimation error in a statistical sense. 

To achieve this goal, it utilizes all the observation data and the a priori knowledge of system. 

However, it is sensitive to the modeling errors and statistics of the system, and the computational 

intensity involved with the system estimator are also very hard to understand. 

 

Estimation can be divided in three forms. When the measurement is available at the same time as the 

estimate is required, the problem is related as Filtering. However, when the measurement is available 

before the estimate is made, the problem is related as Prediction, and when the time of interest is 

before the measurement is available, the problem is related as Smoothing. 

 

Listed below are two of the estimation models presented by Kalman, for estimation of both linear and 

nonlinear models. 

 

3.1 - Kalman Filter 

Kalman filter consists of a set of mathematical equations that efficiently compute an estimate of the 

state of a process, while minimizing the squared error.  

It estimates the state of a dynamic system from a set of noisy measurements. The noise is generally 

assumed to be white noise. The recursive approach for minimizing errors ensures that estimated state 
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from previous step and current measurement are used to estimate the current state, hence no history of 

previous measurements are required. 

There are numerous applications of Kalman filter: 

� Navigation. 

� Object tracking. 

� Fusing data from different sources or sensors etc. 
 

Kalman filter uses a feedback control mechanism in order to estimate a process. Noisy measurements 

are taken as feedback and using them, the process is estimated. The equations Kalman filter uses are 

categorized in two groups: time update equations and measurement update equations. The time update 

equations are used to project forward in time the current state and error covariance estimates for 

estimating the a priori state for the next step. The measurement update equations are used for getting 

the feedback in form of a new measurement and then using the a priori state estimate to obtain an 

improved posteriori state estimate. Thus, the time update equations can be termed as Predictor 

equations, while the measurement update equations can be termed as Corrector equations. 

Thus, the Kalman filter operates in two steps. 

1. Prediction. 

2. Estimation. 

 

Figure 3.1: Kalman filter operation model 

In the first step, the linear dynamic model is predicted based on the state measurements. In the second 

step, the error covariance is minimized by correcting the observation model, thus estimating the state. 
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In order to remove noise using a Kalman filter, the process must be described by a linear system. 

Processes such as vehicle on road, satellite orbiting earth, wave propagation etc. can be approximated 

as linear systems.  

 

Kalman filter tries to estimates the state ��  which is governed by the linear stochastic equation as: 
���� = ��� + ��� +  � 																																																						(3.1) 

The state vector ��  contains the variables to be estimated. The elements in the state vector can be 
position, angles, velocity etc. As can be seen from the equation above, the state vector has two values 

at the same time, a priori state ��  and a posteriori state	����. � and � are matrices which define the 
variables to be estimated, �� is the input of the system from which the state �� is derived.  
The measurement or observation of the state is described by a system of linear equations which 

depends on the state variables. The measurement "� is defined as: 
"� = #���� + $� 																																																										(3.2) 

Here, ���� is the observation made at instant %, while H is observation matrix. 
The random variable  � represents the process noise covariance &� which describes the statistics of 
the noise related to the sensor, and $� represents the measurement noise covariance '� which 
describes the statistics of the noise on the measurements. They are assumed to be independent, white 

and with normal probability distribution, 

(())	~		+(0, .) 
((/)	~		+(0, 0) 

�, the “State transition matrix” is a 1 × 1 matrix which relates the state at previous time step % − 1 to 
the current state. �, the “Control matrix” is a 1 × 4 matrix and it relates the control vector �� to the 
state �� . Similarly #, the “Measurement matrix” is a 5 × 1 matrix and it relates the current state to 
the measurement. In practice, � and # may change size on each time step, but here we assume that it 
is constant. 

As the system model is considered linear, therefore the matrices,	� and # do not change dimension. 
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Prediction: 

As shown in Figure 3.1, prediction is first done after measuring the signal. For predicting the current 

state, the dynamic noise is neglected in the measurement. Hence the equation representing the 

dynamic model will be: 

�6��� = ��� + ��� 																																																															(3.3) 
 

Similarly, the predicted measurement is also considered noise free and the measurement equation is 

written as: 

"6� = #�6���																																																																							(3.4) 
 

The a priori and posteriori estimate errors are calculated using the a priori state estimate ��8�, given 
the knowledge of state at that time instant, and posteriori state estimate �6�, given the measurement at 
time instant % is taken. The a priori estimate error [7] can then be written as:  

9�8 ≡ �� − ��8� 
9� ≡ �� − �6� 

The a priori estimate error covariance is then written as: 

;�8 = <=9�89�8>?																																																																		(3.5) 
And the posteriori estimate error covariance is written as: 

;� = <A9�9�>B																																																																	(3.6) 
The error covariance matrix ; defines the expectation of the square of the deviation of the state vector 
estimate from the true value of the state vector [1]. So in order to predict the state, the errors in 

measured state and previous estimated state at previous instance % − 1 are used to learn the behavior 
of the filter. The error covariance can then be written as: 

;� = �;�8��> + &																																																													(3.7) 
The system noise covariance matrix & defines how the uncertainties of the state estimates increase 
with time due to noise sources in the system modeled by the Kalman filter, such as unmeasured 

dynamics and instrument noise. It is always a function of the time interval between iterations ∆� [2]. 
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Estimation: 

In order to correctly estimate the state, the predicted state is improved with the error in the observation 

i.e.  

�� = �� + ∆� 
The error is calculated by using the Kalman gain and error in predicted and measured state. The 

Kalman gain ‘F’ is a 1 × 5 matrix and it serves as a minimizing factor for error covariance. Kalman 
gain can be written as: 

F = ;�#>(#;�8#> + ')8�																																																	(3.8) 
 

F, the Kalman gain is the minimization factor for error in the estimate ��. The variances of the state 
estimates are given by the diagonal elements of the error covariance matrix. It is therefore necessary to 

minimize the trace of	;% [2]. From the above equation, it can be seen that as the measurement error 
covariance is minimized, the Kalman gain is increased and the filter starts trusting its prediction. 

Conversely, as the error covariance estimate starts approaching zero, the gain also starts decreasing, 

implying that the error is minimized, hence the predicted estimate can be trusted [2]. 

 

The corrected estimate of the state can then be written as: 

�6� = �6�8 + F("� − #�6�)																																																							(3.9) 
The difference ("� − #�6�) is termed as residual, and reflects the discrepancy between the predicted 
measurement and the actual measurement. Thus if the measurement covariance is smaller than that of 

predicted state, the measurement weight becomes high and uncertainty is reduced [1]. 

The error covariance matrix of the a posteriori state is also updated to account for the Kalman gain at 

each predicted measurement. 

;� = (I − #F);�8																																																													(3.10) 
 

Figure 3.2 below shows the block diagram of Kalman filter algorithm. 
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A good way of designing a Kalman filter is to first select as states all known errors or properties of the 

system that are observable [8], and that can be modeled and contribute to the desired output of the 

overall system. Based on this state selection, system and measurement models can then be derived. 

Different types of measurement input to the same Kalman filter, such as position and velocity or 

velocity and attitude, may be accumulated and updated at different rates. 

 

3.2 - Extended Kalman filter 

Until now, only linear systems have been considered. But in practice the dynamic or the observation 

models can be nonlinear.  

+ 

Figure 3.2: Discrete time Kalman filter block diagram 
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One approach to the Kalman filter for such nonlinear problems is the using the Extended Kalman filter 

(EKF). This Kalman filter linearizes about the current estimated state. Thus the system must be 

represented by continuously differentiable functions. 

An improved state estimate can be obtained with no prior knowledge of a nominal trajectory. The EKF 

retains the linear calculation of the covariance and filter gain matrices, and updates the state estimate 

using a linear function of the filter residual.  

However it uses the original non-linear equations for state propagation and output vector [1]. 

The filter equations are given as follows: 

�6 = K(L6, M, �) + FA" − N(L6, �)B																																																							(3.10) 
F(�O) = ;P#(�O)>(#(�O);�8#(�O)> + '(�O))8�																																									(Q. RS) 

;�(�O) = (I − #(�O)F(�O));�8(�O)																																																			(3.10) 
The important aspect to be noted in EKF is that the partial derivatives are evaluated at the current 

values of the state estimates and control inputs rather than their nominal values. However, these time 

varying matrices cannot be computed before the state, since they are functions of the state estimates. 

This makes the computational effort required for the update equations more time consuming. 

For EKF, improved state estimates could be obtained from a second order or higher order filter, but 

the computational effort also increases considerably. In general, in most applications, EKF yields 

satisfactory results. 
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CHAPTER 4 
 

Accelerometer Implementation in Matlab 

 

The accelerometer used in thesis work is BMA150, a tri axis digital accelerometer from Bosch. The 

accelerometer works according to the Differential Capacitance principle. It measures acceleration on 

all axes. The z-axis which is the axis for up and down motion measures gravity while the device is 

held across its axis. The x-axis measures acceleration in the left and right directions while the y-axis 

measures acceleration in the forward and backward directions.  

 

 

 

 

 

 

g is the unit of acceleration equal to earth’s gravity at sea level (9.81  m s�⁄ ). Earth’s gravity is at 1g 

level while space shuttle is at 10g level. Depending on the altitude, the value of g varies from 9.78 

m s�⁄ 	to 9.83 m s�⁄ . The local gravity value of g used in this thesis work is 9.8 m s�⁄ . 
Following are some of the sensor terminology:  

 

+ 1g: Output of the sensor with base connector pointed up  

  0 g: Output of the sensor with base connector horizontal  

- 1g: Output of the sensor with base connector pointed down 

 

MEMS accelerometers are available in ‘g’ ranges reaching up to thousands. It is a tradeoff between 

sensitivity and maximum acceleration that can be measured. BMA150 can range up to ±8 g. So, it is 

most sensitive to tilt in the 0g mode. Since the tracking of vehicles is required, the range for g 

x 

z 

y 

Figure 4.1: Tri-axis Accelerometer 
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measurement is taken as ±2g, as it can suffice the necessary movements in this range for this 

application. 

From the accelerometer’s datasheet, the noise factor, the sensitivity and the zero g offset of the device 

are noted, to account for them later in measurements. 

The accelerometer works on the fundamental of force exerted by the movement on each sensor. The 

values are in the analog format. It measures both static acceleration in tilt detection application and 

dynamic acceleration caused by motion or shock [4]. As it can measure deflection in both manners, it 

gives reasonably accurate data whenever there is a movement detected. 

The accelerometer BMA150 has inertial sensors in all 3 axes, x, y and z. Due to the availability of 

three axes, it is possible not only to measure high sensitivity values, but also the orientation of the 

device can be determined. 

The sensor has a ‘g’ range of ±2g to ±8g. The ±2g range cannot detect movement as much as ±8g can. 

This range classification is very beneficial for applications as when small g range is required, ±2g can 

be selected while a higher g range may need more force. However, as ‘g’ range increases, the 

sensitivity starts decreasing. For example, sensitivity for ±2g range is 256 LSB/g, while for ±8g, it 

reduces to 64 LSB/g. Table 4.1 shows the output resolution parameters of accelerometer: 

 

Parameter  Min. Typ. Max. Units 

Sensitivity 

2g 246 256 266 LSB/g 
4g 122 128 134 LSB/g 
8g 61 64 67 LSB/g 

Zero g offset  60  mg 
Output Noise  0.5  mg/√Hz 

Acceleration rate 2700 3000 3300 Hz 
 

Table 4.1: Accelerometer output resolution parameters 

 

4.1 - Data Retrieval 

From the data sheet, the sensitivity for ±2g acceleration range is noted to be 256 LSB/g. The 

accelerometer is connected to the onboard 10 bit Analog to Digital Converter.  
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4.2 - Calibration 

Once the data is retrieved from accelerometer in g unit, the calibration of data is performed in order to 

remove the acceleration offset component in the sensor output due to earth’s gravity (static ac-

celeration). Ideally, the accelerometer should have zero offset. But due to mechanical nature of the 

sensors and the noise interference, it is often not possible to have zero offset when there is no 

movement in the accelerometer. 

The calibration routine averages samples when the accelerometer is in a no movement condition. The 

more samples that are taken, the more accurate the calibration results will be. 

 

4.3 - Low Pass Filtering 

Low pass filtering of the signal is a very good way to remove any abrupt fluctuations or noise (of both 

mechanical and electrical origin) from the accelerometer. As the sensitivity of the device is high, 

therefore a low pass filter is preferred. The removal of noise is necessary, as in this positioning 

application, the signal is integrated twice in order to calculate position. The noise appears in the 

measured signal as most of the electronic components generate some noise in the form of voltage 

potentials, which after combining through the circuitry, lay over the signal and appear as noise. 

A simple way for low pass filtering is to perform Rolling average. Using this method, filtering is 

reduced to obtaining the average of a set of samples. It is nonetheless important to obtain the average 

of a balanced amount of samples, as taking too many samples to do the averaging can result in a loss 

of data, whereas taking too few can result in a rather inaccurate value. 

 

4.3 - Mechanical Filtering Window 

Even when there is no movement or change in the device orientation or location, small errors in 

acceleration still get interpreted as constant velocity, because samples that are not equal to zero are 

summed. So for a no movement condition, all the samples should be ideally zero. However, a constant 

velocity even in no movement condition, continuous movement condition is indicated, and thus an 

unstable position is calculated. Figure 4.2 shows why there is a need for mechanical filtering. 
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Data can be erroneous even if the previous filtering is performed, so therefore, a discrimination 

window between the valid and invalid data for the no movement condition can be implemented. The 

applied discrimination window is for range ± 3 5 ]�⁄  acceleration. 

 

4.4 - Device Orientation 

An accelerometer sensor measures the difference between any linear acceleration in the 

accelerometer’s reference frame and the earth's gravitational field vector. Therefore, in the absence of 

any linear acceleration, the accelerometer output is merely measurement of the rotated gravitational 

field vector, and can be used in determining accelerometer pitch and roll orientation angles.  The 

orientation angles are dependent on the order in which the rotations are applied. 

 

A number of devices use accelerometers to align the screen depending upon the direction in which the 

device is being held. Examples are devices like smartphones, tablets and digital cameras switch 

between the portrait and landscape modes depending upon the way they are held. 

 

4.5 - Position and velocity derivation 

The commonly used kinematic equation for deriving displacement from constant acceleration is: 

L = 	L^ +	_�_� ` � + 	12 ���																																																														(4.1) 

Noise 

Real acceleration 

Descrimination 

window 

Figure 4.2: Mechanical filter window 
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where L^ denotes initial distance, � denotes the time taken between the measurements, � denotes 
current acceleration, while the term  

ab
ac d denotes the differential operation of current velocity with 

respect to time �. 
However, the acceleration data does not remain constant and keeps on changing depending upon the 

movement and its direction and magnitude. Thus, acceleration data is integrated twice to calculate the 

displacement and the additive noise becomes higher due to the offset [9]. 

Therefore, a new approach is being taken and data integration is done in two steps. In the first step, the 

acceleration is integrated with respect to time to produce velocity. The second step is integrating the 

velocity to produce displacement covered at that instant. The utilized equations and calculations are 

shown in Appendix A. The initial velocity and position of the device are shown in equation 4.2 and 

equation 4.3: 

Initial Velocity: 

/� =	����2 																																																																												(4.2) 
Initial Position: 

_� =	�����4 																																																																							(4.3) 
Using equations 4.2 and 4.3, final or current velocity and position can be calculated as: 

Final Velocity: 

  /� = 	 efcf� + cf� (�� + ��)																																																										(4.4) 
Final Position: 

  _� =		 efcf�g +	 cf� (/� + /�)																																																														(4.5) 
where _� and /� represent initial distance and velocity, _� and /� represent the final distance and 
velocity, �� and �� represent initial and final acceleration respectively, while �� represents the time 
interval between the measurements. 

Thus, velocity and displacement can be estimated using acceleration, irrespective of any change in its 

magnitude. 
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Once the data is sorted out in velocity and position, averaging of data is performed in order to 

calculate the variance of signal. Also, the frequency at which the data is transmitted from 

accelerometer is 3000 Hz, which is very high and on the system cannot handle this amount of data. 

Therefore, the frequency is reduced to 5 Hz for the later processing on the data. Thus, data is updated 

every 200 ms. Shown below in Figure 4.3 is the flow chart for dealing with accelerometer: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

  

Velocity Calculation 

Show Position and Velocity 

Position Calculation 

Compute variance 

Start 

  ADC data Init. 

   Calibrate 

Take sample from ADC 

Acceleration = Sample – Calibration 

value 

Filter 

Average X@0g 

Save X offset 

Average Y@0g 

Save Y offset 

Save Z offset 

Average Z@0g 

Compute  Orientation 

Figure 4.3: Accelerometer Data acquisition Flow chart 
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CHAPTER 5 
 

Kalman Filter Implementation in Matlab 

 

When using Kalman filtering it is normally quite simple to choose between e.g. a normal linear, 

extended or unscented Kalman filter. If the system has high dynamics and one is trying to estimate the 

states, then the Kalman filter cycle has to be very fast. This sets demands on the processor in order to 

do the Kalman calculations before the next Kalman cycle. This might pose a problem when a system 

should be implemented on a microprocessor. It might not be possible to do all the calculations within 

each Kalman cycle. Secondly, if the system is also non-linear then a non-linear Kalman filter should 

be chosen. This leads to even more complicated calculation which sets even higher demands to the 

processor chosen [1]. 

This error model can be approximated to be linear and INS, normally has much lower dynamics than 

the real system. For these reasons a normal linear Kalman filter can be used with a much lower 

Kalman cycle setting much lower demands to the processor. 

Since modeling of a vehicle on road is required, it can be said that the state consists of the vehicle 

position( and velocity	$%. The input �� is the commanded acceleration and the output h� is the 
measured position. 

The acceleration can change at instant and the position can be measured every ∆� second. According 
to the elementary laws of physics, velocity $� will be governed by the following equation: 

$��� = $� + ∆� ∗ ��																																																																(5.1) 
That is, the velocity one time-step from now (∆� seconds from now) will be equal to the present 
velocity $� plus the commanded acceleration �� multiplied by ∆�. Similarly, the position one time-
step from now (∆� seconds from now) will be equal to the present position j� plus the commanded 
velocity $� multiplied by ∆�. 

j��� = j� + ∆� ∗ $� + 12∆�� ∗ ��																																											(5.2) 
 

Now, the state vector ��  that consists of position and velocity can be defined as: 
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�� =	 kj�$� l 
 

Knowing that the measured output is equal to the position, we can write our linear system equations as 

follows: 

���� = k1 ∆�0 1 l �� 	+ 	 m∆�
� 2�∆� n �� +	 �																																													(5.3) 

And the measurement can then be written as: 

h� = A1 0B�� 	+ 	$� 																																																													(5.4) 
 

Therefore estimation of noise parameters is very important. The process noise corresponds to the noise 

related to the sensor. The process noise here includes the sensor output noise and sensor’s zero g offset 

value. Similarly, the measurement noise corresponds to the noise in the signal when it is measured. 

This includes the signal variance. 

We initialize �6^	as our best initial estimate of position and velocity, and ;^ as the uncertainty in our 
initial estimate. Then we execute the Kalman filter equations once per time step. 

The above equations are derived for a single dimensional model. Since a tri axis accelerometer is 

employed here, therefore the position and velocity estimation is performed for all 3 axes, and a 3D 

Kalman filter model is implemented. 

From the equations above, the state transition matrix, measurement matrix and control matrix can be 

defined for a 3D model, as under in the Table 5.1: 
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State Transition matrix � 
op
pp
q100000
				
010000
				
001000
			
∆�00100
		
0∆�0010
		
00∆�001 rs
ss
t
 

State vector �P 
op
pp
pq
jujvjw$u$v$w rs
ss
st
 

Initialization of State vector �P 
op
pp
pq
jujvjw000 rs
ss
st
 

Measurement matrix # m100			
010			
001			
000			
000			
000	n 

Initialization of covariance matrix ;S 
op
pp
q100000
				
010000
				
001000
			
00020000
		
00002000
		
00000200rs
ss
t
 

Measurement Noise ' xvar(L)) + n(L)�00 				 0var(|) + n(|)�0 				 00var(}) + n(})�~ 

Process Noise � 

(0.0005 ∗ sqrt(15))� ∗ 0.06

∗

op
pp
pp
pq
120∆��0018∆�g00

				

0120∆��0018∆�g0

				

00120∆��0018∆�g
			

18 ∆�g0016∆��00

		

018∆�g0016∆��0

		

0018∆�g0016∆��rs
ss
ss
st
 

Table 5.1: Kalman Filter matrices 

 



 

Page | 31  

 

where ∆� denote the time interval between the measurements, �(L), �(|), �(})	represent the added 
noise, ju, jv , jw denote the position and  $u, $v, $w denote the velocity of the object along x, y and z 
axes. 

Similarly the rms noise of accelerometer, as specified in the data sheet is	0.5	5� √�}⁄ , while the 

refresh rate here is reduced to 15 Hz. The sensor’s zero g offset in the data sheet is specified as	60	5�. 
Similarly, the process noise covariance not only contains variance of signal, but also the added noise. 

The efficiency of a Kalman filter degrades if the noise is high. In order to check the effectiveness of 

designed Kalman filter, Additive White Gaussian Noise (AWGN)  is added to the signal. The presence 

of AWGN only represents the normal operating conditions in which a GPS receiver is supposed to 

work. 

 

 

 

 

 

  

Figure 14: Complete operation of Kalman filter with equations 

Initial estimates for  �� and ;�8� 

Time update “Predict” 

Measurement update “Correct” 

�6�8 = ��� + ��� 

;�8 = �;�8��> + & 

 

(1) Project state ahead: 

(2) Project error covariance ahead: 

F = ;�8#>(#;�8#> + ')8� 

�6� = �6�8 + F("� −#�6�) 

;� = (I − #F);�8 

 

(1) Compute Kalman gain: 

(2) Update estimate with measurement: 

(3) Update error covariance: 
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Kalman Filter settings involve the variance matrix & of parameter noise, and the variance matrix R of 
observation noise. The initial parameter for error variance ;� 	is set at the beginning. Since the Kalman 
algorithm employs the measurement update and time update stages, the parameter variance matrix ;� 
is adjusted to reflect the quality of the estimated parameter. The variance & affects ;� in the time 
update stage, whereas in the measurement update ;� , ' and # influence the Kalman Gain K which in 
turn affects the variance ; [2]. Therefore, the Kalman filter performance depends upon setting these 
quantities to the appropriate values that reflect the real quality of the respective parameters. 

The standard Kalman filter assumes that measurement errors form a zero-mean Gaussian distribution, 

are uncorrelated in time, and so models their standard deviations with the measurement noise 

covariance matrix, '. The diagonal terms of ' are the variances of each measurement, and the off-
diagonal terms represent the correlation between the different components of the measurement noise. 

For most navigation applications, the noise on each component of the measurement vector is 

independent, so ' is a diagonal matrix [2]. 
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CHAPTER 6 

 

Results 

The data is first retrieved from the accelerometer through a serial interface. After conversion into the 

relevant ‘g’ units, data is processed for further use. 

Figure 6.1 below shows the data from the accelerometer when the device is under no motion and is 

held with the x-axis of the accelerometer pointing downwards, when no filtering is performed. 

 

Figure 6.1: Accelerometer raw data with x-axis under gravity 

From Figure 6.1, it can be seen that -x-axis is under gravity and there is no motion along the y and z 

axes. The local value of g is taken as 9.8	 	5 ]�⁄ . However, even in the absence of any applied force or 
acceleration along the two axes, there is still some acceleration. This can be accounted as noise. Also 

since the sensitivity is high, so any sudden changes will get caught. 
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Measurement 

In order to get the values in all 3 axes, the sensor is held stationary such that the x-axis measures 

acceleration in the left and right direction, y-axis measures acceleration in the forward and backward 

directions while z-axis measures gravity. The sensor is then moved along x-axis for some time. The   

z-axis is then realized by first tilting the sensor such that it does not measure gravity, and then motion 

is detected by moving the sensor in the new z-axis. The reason for measuring motion along all axes is 

because a 3D Kalman filter model is designed for this thesis work, and so in order to estimate position 

along 3 axes, it is better to have motion along all the 3 axes, so the filter’s error minimization can be 

realized when all axes suffer acceleration. 

The original set of data is of 20 sec or 100 time units, and the same data is afterwards repeated along 

all axes, as can be seen in Figure 6.2. Due to this, any zero acceleration after 100 time units appears as 

constant velocity, and thus distance keeps on increasing. 

The data is then processed through all the stages defined in the implementation portion of the report 

such as calibration, orientation calculation and filtering of the data and then the position and the 

velocity of sensor along all axes are calculated. 

The Figure 6.2 shown below depicts the acceleration, calculated velocity and position along all the 

axes. 
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Figure 6.2: Calculated acceleration, velocity and position from accelerometer 

 

After the position and velocity calculation, the data is then again averaged in order to remove any 

further offsets and to bring the resolution to 200 ms. After that, the data is ready for Kalman filter 

processing. The noise and covariance matrices are updated at every instant through the variance 

calculated in the signal and also through the noise parameters of the sensor. 

In order to verify how much effect Kalman filter makes on the measured data, the data is corrupted 

with noise, once with 10 dB SNR, and once with 40 dB SNR. This will define the range for estimation 

range for the Kalman filter, i.e how much noise can the Kalman filter effectively remove and estimate 

correctly. 

The true data is assumed as Noiseless; this is the distance that is measured for this experiment through 

the sensor. The Noisy data is the data on which the Kalman filtering is performed. The noise is added 

before filtering, while the Predicted distance is the prediction of Kalman filter after Kalman filtering is 

performed on the Noisy data which is fed in as input to the Kalman filter. 
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6.1 - Kalman Estimation with 40 dB SNR 

The SNR ratio is first chosen as 40 dB. White Gaussian noise is added to the measurements. Figure 

6.3 shows the distance covered along x axis, with noise, without noise and the Kalman filter estimated 

distance in the presence of noise. 

 

Figure 6.3: Predicted x-axis distance (40 dB SNR) 

As can be seen from Figure 6.3 above, the predicted distance initially shows deviation from the 

noiseless distance, however, with time it converges. 

Similarly, distance covered along y and z axes are also estimated, and are shown below in Figure 6.4 

and Figure 6.5. 
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Figure 6.4: Predicted y-axis distance (40 dB SNR) 

 

Figure 6.5: Predicted z-axis distance (40 dB SNR) 
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The total distance which is the sum of distances along all the axes is also shown below. 

 

Figure 6.6: Total Predicted distance (40 dB SNR) 

 

From the figures shown above, one can see that initially there is a little deviation of estimated position 

and the actual position. However, with time, the filter converges and goes along the actual distance 

without noise. The reason for initial fluctuation is that the variance of the initial P is set a big number 

that means the filter is uncertain and so does not trust the readings initially [2]. However, after some 

time, as P gets updated regularly, the filter then sees the behavior of the P. As the filter converges to 

the actual position, the error in the covariance matrix starts decreasing, indicating to the filter that it 

can now trust its estimates. 

Uncertainty of a well-observed state estimate varies during the initial phase of Kalman filter operation, 

where the state estimates are converging with their true counterparts [2]. 

Initially, when the state uncertainties are large, the Kalman gain will be large, weighting the state 

estimates toward the new measurement data. The Kalman filter estimates will change quickly as they 

converge with the true values of the states, so the state uncertainty will drop rapidly. 

For 40 dB SNR, it can be seen that the estimation is almost along the actual position and thus the 

performance can be trusted for this much SNR. 
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6.2 - Kalman Estimation with 10 dB SNR 

Similarly, the SNR ratio is now set as 10 dB. White Gaussian noise is added to the measurements. 

Figure 6.7 shows the distance covered along x axis, with noise, without noise and the Kalman filter 

estimated distance in the presence of noise. 

 

Figure 6.7: Predicted x-axis distance (10 dB SNR) 

 

Similarly, distance covered along y and z axes are also estimated, and are shown below in Figure 6.8 

and Figure 6.9. 
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Figure 6.8: Predicted y-axis distance (10 dB SNR) 

 

Figure 6.9: Predicted z-axis distance (10 dB SNR) 
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In the above figures for 10 dB SNR signal, it can be seen that the prediction is not as accurate as it was 

in 40 dB SNR signal case. The total distance which is the sum of distances along all the axes is also 

shown below. 

 

Figure 6.10: Total Predicted distance (10 dB SNR) 

 

From the figures shown above, one can see that initially there is a deviation of estimated position, and 

even with time, the convergence is slow as compared to what was observed for 40 dB SNR. Because 

the noise is high, filter is unable to differentiate between noise and the measured data. 

The Matlab script used for this thesis work is presented in Appendix B. 
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CHAPTER 7 

Conclusion and future work 

 

GPS devices are used widely for location based tracking systems. Due to their inaccuracies under 

certain weather conditions and geography, inertial sensors due to their rather accurate measurements 

are proposed as a substitute. Because the inertial measurement systems are expensive and have higher 

power consumption, the need for data fusion of sensors arises so that a condition can be imposed as to 

when to utilize a particular device, and when to use both devices simultaneously, and data fusion can 

then be performed on the data to get a better estimate.  

Due to the time constraints, the data fusion of accelerometer and GPS could not be performed. The 

data was measured from the accelerometer and position and velocity of device was calculated. 

Temporal filtering was performed on the data, and an improved estimate of position is proposed in the 

presence of noise. However, too much noise results in some inaccuracies.  

Discrete Kalman filter provides an efficient algorithm for prediction and self-balancing the errors and 

predictions for a linear model. It can be used as future work for fusing the data from both sensors to 

provide a better estimate. This thesis work can be regarded as step to that task. 
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Appendix A 

Sensor Fusion 

Sensor fusion deals with the combination of different sensors data from different sources in such a 

way that the resulting information provides accurate and comprehensive information as compared to 

the data derived from sensors individually. The reason is that due to limited resolution, measurement 

noise and cross-sensitivity of sensors, an application may not depend entirely on a particular sensor’s 

information [10]. Therefore, the combination of different types of sensors may lead to better 

performance than possible with a single sensor. 

Vehicle navigation has long been the subject of multi sensor data fusion. The reason is that the most 

significant vehicle navigation system is GPS, and while GPS does provide rather accurate data, the 

performance becomes questionable when the vehicle’s speed is very fast or is in conditions where 

GPS signal suffers degradation. Inertial Navigation System can then be used in conjunction with the 

Satellite Navigation System, and data fusion can be performed to get accurate measurements.  

There are various multi sensor data fusion approaches to resolve this problem, Kalman filter is 

however the most significant and is considered for this thesis work. Although Kalman filter has a 

power algorithm for signal estimation and produces estimate with minimum error covariance, the 

accuracy can be improved by combining multiple sensors measuring the same information into one 

logical component [11]. By using this approach, the effect of problems or errors associated with 

sensors can be minimized. 

There are two commonly used approaches to perform data fusion using Kalman filter. The first is to 

simply merge the data from sensors, which will increase the dimension of observation vector of the 

Kalman filter. The second approach combines multisensory data using minimum mean square 

estimation, which keeps the observation vector’s dimension unchanged [12]. Apart from this, several 

other fusion methods are also used. For example, each sensor can be connected to its own Kalman 

filter so as to have an idea about the reliability of measurements obtained from each sensor, using the 

associated measurement errors. 
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Position and Velocity Estimation 

Let us consider first two sample points where the object is accelerating from at rest. Let that instant be 

��, and the second instant when object is accelerating be ��. 
Velocity /� at �� is the integral of acceleration with respect to time, so the equation of motion will be: 

/� −	/^ =	� ���� �	_� = 	
����2

c�

^
		 

Since /^ = 0, therefore: 
/� = 	����2 																																																																												(4.2) 

Similarly, displacement _� at �� is the integral of velocity with respect to time, so the equation of 
motion will be: 

_� −	_^ =	� ��2 �	_� = 	����
�

4
c�

^
 

Since _^ = 0, therefore: 
_� = 	�����4 																																																																							(4.3) 

Similarly at interval ��, velocity /�  is the integral of acceleration with respect to time, so the equation 
of motion will be: 

/� −	/� =	 � ��� − ��2 � + 2�� − ��� 	_� = 	 ��2 (�� + ��)
c�

cf
																					 

Since /� =	 efcf�  from equation 4.2, therefore: 
  /� =	 efcf� + cf� (�� + ��)																																																										(4.4) 
Similarly, displacement _� at �� is the integral of velocity with respect to time, so the equation of 
motion will be: 

_� −	_� = 	 � �/� − /��� − �� � + 2/� − /�� 	_� = 	
��2 (/� + /�)

c�

cf
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Since	_� =	 efcf�g  from equation 4.3, therefore: 
  _� =		 efcf�g +	 cf� (/� + /�)																																																														(4.5) 
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Appendix B 

Source code:_ 

 

 
clear all 
close all 
  
%%% data arrangement in X,Y and Z axis measurement data 
  
data3 = fopen('data1.txt','r'); reading data file 
data = fscanf(data3,'%e'); 
  
  
for k =1:1:7 
     
if data(k)==71 
    data2=data(k:end); 
    break 
end 
end 
  
  
     
X1=0; Y1=0; Z1=0; 
  
X2=[]; Y2=[]; Z2=[]; 
  
% %number of times to loop 
duration = length(data2) - 7; 
  
X=[]; Y=[]; Z=[]; 
  
for t = 1 :7: duration 
% reading 1 complete data cycle     
     
    %Split into X,Y,Z 
     
        Xa = dec2bin(data2(t+1),8); 
        Xb = dec2bin(data2(t+2),8); 
        X=horzcat(Xb,Xa(1:2)); 
        X1=bin2dec(X); 
%      
        Ya = dec2bin(data2(t+3),8); 
        Yb = dec2bin(data2(t+4),8); 
        Y=horzcat(Yb,Ya(1:2)); 
        Y1=bin2dec(Y); 
  
        Za = dec2bin(data2(t+5),8); 
        Zb = dec2bin(data2(t+6),8); 
        Z=horzcat(Zb,Za(1:2)); 
        Z1=bin2dec(Z); 
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    if X1<512 
        X=X1/256; 
    else 
        X=X1/256; 
        X=X-4; 
    end 
     
    if Y1<512 
        Y=Y1/256; 
    else 
        Y=Y1/256; 
        Y=Y-4; 
    end 
     
    if Z1<512 
        Z=Z1/256; 
         
    else 
        Z=Z1/256; 
        Z=Z-4; 
    end 
     
X2=[X2 X]; 
Y2=[Y2 Y]; 
Z2=[Z2 Z]; 
end 
  
  
%% Performing signal analysis to extract velocity and position 
  
duration=length(Z2); 
noise=40; 
n=noise; 
  
X11=[];Y11=[];Z11=[];X114=[];Y114=[];Z114=[]; 
vx=[];vy=[];vz=[]; 
  
X14 = 9.8*X2; Y14 = 9.8*Y2; Z14 = 9.8*Z2;  
  
s1=length(Z14); 
pp=[]; p=[]; 
s111 = 2571; 
v=[];v1=[]; 
p11=[]; 
  
  
% Device orientation calculation 
ax=[];ay=[];az=[]; 
  
for ki=1:s1 
  
    total_d = sqrt((X14(ki).^2) + (Y14(ki).^2) + (Z14(ki).^2)) ; 
     
    ax(ki)=acos(X14(ki)/total_d)*180/pi; 
    ay(ki)=acos(Y14(ki)/total_d)*180/pi; 
    az(ki)=acos(Z14(ki)/total_d)*180/pi; 
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% Gravity removal 
 
    X14(ki) = X14(ki)*(ax(ki)/90); 
    Y14(ki) = Y14(ki)*(ay(ki)/90); 
    Z14(ki) = Z14(ki)*(az(ki)/90); 
     
 
end 
  
Orientation = [ax' ay' az']; 
  
 
out=[X14' Y14' Z14']; 
  
s1=length(Z14); 
s11=s1; 
  
  
% Calculating velocity and position 
  
for ax=1:3 
p11=[]; 
  
aa=out(:,ax); 
  
for w=1:s11 
%  
if aa(w) > -3  
    if aa(w) < 3 
    aa(w)=0; 
    end 
elseif aa(w) < 3  
    if aa(w) > -3  
    aa(w)=0; 
    end 
end 
  
if w==1 
        v1(w) = aa(w)*0.5*(1/s111); 
else 
        v1(w)=v1(w-1)+(1/2)*(1/s111)*(aa(w)+aa(w-1)); 
end 
  
  
v=[v v1(w)]; 
end 
  
vv(:,ax)=v1'; 
  
for w1=1:s11 
    if w1==1 
        p(w1) = aa(w)*(1/s111^2)/4; 
    else 
        p(w1)=p(w1-1)+0.5*(1/s111)*(v(w1)+v(w1-1)); 
    end 
    p11 = [p11 p(w1)]; 
end 
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aa=aa'; 
out(:,ax)=aa; 
  
pp(:,ax)=p'; 
  
aa=[]; 
p=[]; 
v=[]; 
v1=[]; 
end 
  
  
acc=[];vel=[];pos=[]; 
varpos=[];varp=0;var1=[];var2=[]; 
  
aa=reshape(out,1,3*s11); 
p1=reshape(pp,1,3*s11); 
v1=reshape(vv,1,3*s11); 
pincalc=p1; 
  
  
% taking mean and finding variance of velocity and position data 
% for averaging, removing any offset. 
% fs=3000; so 3000/7=428.5; 428*6=2571; 2571/3=857 samples of each axis in 
1 
% second. So, for acheiving fs=5, we have to sum 172 samples. 
  
var1n=[];var2n=[]; 
  
for ax=1:3 
c=1; 
varpos=[];varp=0;varvel=[];varv=0; 
  
for k=1:171:(duration)-172 
  
acc(c,ax)=mean(out(k:k+171,ax)); 
  
vel(c,ax)=mean(vv(k:k+171,ax)); 
v1=vv(k:k+171,ax); 
varv=var(v1); 
  
pos(c,ax)=mean(pp(k:k+171,ax));     
p1=pp(k:k+171,ax); 
varp=var(p1); 
  
c=c+1; 
varpos = [varpos varp];     
varvel = [varvel varv];     
  
end 
var1 = [var1 varpos]; 
var2 = [var2 varvel]; 
  
end 
  
s1=length(acc(:,1)); 
  
aa=reshape(acc,1,3*s1); 
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p=reshape(pos,1,3*s1); 
v=reshape(vel,1,3*s1); 
  
  
figure 
  
subplot(3,3,1)  
bar(aa(1:s1)) 
ylabel('Acceleration X'); 
title('Measured States') 
subplot(3,3,2)  
bar(v(1:s1)) 
ylabel('Velocity X'); 
subplot(3,3,3)  
bar(p(1:s1)) 
ylabel('Distance X'); 
  
subplot(3,3,4)  
bar(aa(s1+1:s1*2)) 
ylabel('Acceleration Y'); 
subplot(3,3,5)  
bar(v(s1+1:s1*2)) 
ylabel('Velocity Y'); 
subplot(3,3,6)  
bar(p(s1+1:s1*2)) 
ylabel('Distance Y'); 
  
subplot(3,3,7)  
bar(aa(2*s1+1:s1*3)) 
xlabel('Time (1 unit = 0.2 s)');ylabel('Acceleration Z'); 
subplot(3,3,8)  
bar(v(2*s1+1:s1*3)) 
xlabel('Time (1 unit = 0.2 s)');ylabel('Velocity Z'); 
subplot(3,3,9)  
bar(p(2*s1+1:s1*3)) 
xlabel('Time (1 unit = 0.2 s)');ylabel('Distance Z'); 
  
  
px11=p(1:s1); 
py11=p(s1+1:s1*2); 
pz11=p(2*s1+1:3*s1); 
  
% adding noise to the measured data, assumed to be noiseless 
p = p + (wgn(1,(s1*3),-n)); 
v = v + (wgn(1,(s1*3),-n)); 
  
  
%% Kalman Filter Model 
  
P_k_p = [];  
P_k_1 = [];  
td = 1/15; 
dt=td; 
  
% 3D - Kalman state variables 
  
A = [1 0 0 td 0 0; 0 1 0 0 td 0; 0 0 1 0 0 td; 0 0 0 1 0 0; 0 0 0 0 1 0; 0 
0 0 0 0 1]; 
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P = [1 0 0 0 0 0; 0 1 0 0 0 0; 0 0 1 0 0 0; 0 0 0 200 0 0; 0 0 0 0 200 0; 0 
0 0 0 0 200]; 
H = [1 0 0 0 0 0 ; 0 1 0 0 0 0 ; 0 0 1 0 0 0]; 
I = eye(6); 
B = [(td^2)/2 ; (td^2)/2 ; (td^2)/2 ; td ; td ; td ]; 
  
  
%%  Kalman Filter Modelling depending on state 
pxn1 = []; pyn1 = []; pzn1 = []; pn1 = []; 
px1 = []; py1 = []; pz1 = []; vx1 = []; vy1 = []; vz1 = [];  
pxn1=[];pxh1=[]; 
  
for kl = 1:1:s1 
  
  
pn=(wgn(3,1,-n)); 
vn=(wgn(3,1,-n)); 
  
  
if kl==1 
    P_hat_1 = P; 
    x_hat_1 = [p(kl); p(kl+s1); p(kl+2*s1); 0 ; 0 ; 0];  
    x_hat = [0 ;0 ;0 ; 0 ; 0 ; 0];  
    x_hat_n = [ 0 ; 0 ; 0 ; 0 ; 0 ; 0];  
  
else 
    P_hat_1 = P_k_n; 
    x_hat_1 = [p(kl); p(kl+s1); p(kl+2*s1); v(kl) ;  v(kl+s1) ; v(kl+2*s1) 
]; 
end 
  
  
Rr = [ var1(kl)+pn(1)*pn(1) 0 0 ; 0 var1(kl+s1)+pn(2)*pn(2) 0 ; 0 0 
var1(kl+2*s1)+pn(3)*pn(3) ]; 
Qq = ((0.0005*sqrt(15))^2)*0.06*[(td^5)/20 0 0 (td^4)/8 0 0 ; 0 (td^5)/20 0  
0 (td^4)/8 0 ; 0 0 (td^5)/20 0 0 (td^4)/8 ; (td^4)/8 0 0 (td^3)/6 0 0 ; 0 
(td^4)/8 0  0 (td^3)/6 0 ; 0 0 (td^4)/8 0 0 (td^3)/6];     
  
  
u_1 = [aa(kl) 0 0 0 0 0; 0 aa(kl+s1) 0 0 0 0 ;0 0 aa(kl+2*s1) 0 0 0; 0 0 0 
aa(kl) 0 0; 0 0 0 0 aa(kl+s1) 0; 0 0 0 0 0 aa(kl+2*s1)]; 
  
w = 0.0005*sqrt(15)*0.06*[(td^2)/2 ; (td^2)/2 ;(td^2)/2 ; td ; td ; td ]; 
vw = sqrt(diag(Rr)); 
  
% % % System Measurement equation 
x_h = (A*x_hat_1) + w + (u_1*B); 
z_k = H*(x_h) + vw; 
  
% % % System Estimate equation 
x_hat = (A*x_hat_n) + (u_1*B); 
z_hat_1 = H*x_hat; 
  
  
P_k_1 = A*P_hat_1*A.' + Qq; 
  
err = z_k - z_hat_1; 
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% % % Predicted state update 
Ka = (P_k_1*H.')/(H*P_k_1*H.' + Rr); % Kalman Gain matrix 
x_hat_n = x_hat + Ka*(err); % State estimate update  
P_k_n = (I - Ka*H)*P_k_1; % Error Covariance matrix 
  
P_k_p = [P_k_p P_k_n];  
  
px1 = [ px1 x_hat_n(1)]; py1 = [ py1 x_hat_n(2)]; pz1 = [ pz1 x_hat_n(3)];  
pxn1 = [ pxn1 z_k(1)]; pyn1 = [ pyn1 z_k(2)]; pzn1 = [ pzn1 z_k(3)]; 
  
vx1 = [ vx1 x_hat_n(4)]; vy1 = [ vy1 x_hat_n(5)]; vz1 = [ vz1 x_hat_n(6)];  
  
pn1 = [pn1 z_k]; 
pxh1 = [pxh1 x_h(1)]; 
  
end 
  
  
figure 
  
subplot(3,2,1); bar(vx1); 
ylabel('Velocity X'); 
title('Predicted States') 
subplot(3,2,2); bar(px1); 
ylabel('Distance X'); 
subplot(3,2,3); bar(vy1);  
ylabel('Velocity Y'); 
subplot(3,2,4); bar(py1); 
ylabel('Distance Y'); 
subplot(3,2,5); bar(vz1);  
xlabel('Time (1 unit = 0.2 s)');ylabel('Velocity Z'); 
subplot(3,2,6); bar(pz1); 
xlabel('Time (1 unit = 0.2 s)');ylabel('Distance Z'); 
  
  
tt = (0 : 1 : length(px1)-1)*0.2; 
  
figure 
p=pxn1; 
plot(tt,px11,'-r.',tt,p,'-k.', tt,px1,'-g.'); 
hleg = legend('Noiseless','Noisy','Predicted',... 
              'Location','NorthEastOutside'); 
xlabel('Time (sec)');ylabel('Distance'); 
title('Predicted X') 
  
figure 
p=pyn1; 
plot(tt,py11,'-r.',tt,p,'-k.', tt,py1,'-g.'); 
hleg = legend('Noiseless','Noisy','Predicted',... 
              'Location','NorthEastOutside'); 
xlabel('Time (sec)');ylabel('Distance (m)'); 
title('Predicted Y') 
  
figure 
p=pzn1; 
plot(tt,pz11,'-r.',tt,p,'-k.', tt,pz1,'-g.'); 
hleg = legend('Noiseless','Noisy','Predicted',... 
              'Location','NorthEastOutside'); 
xlabel('Time (sec)');ylabel('Distance (m)'); 
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title('Predicted Z') 
  
  
figure 
p_pred=sqrt(px1.^2 + py1.^2 + pz1.^2); 
p=sqrt(px11.^2 + py11.^2 + pz11.^2); 
p_noisy=sqrt(pn1(1,:).^2 + pn1(2,:).^2 + pn1(3,:).^2); 
plot(tt,p,'-r.', tt,p_noisy,'-k.', tt,p_pred,'-g.'); 
hleg = legend('Noiseless','Noisy','Predicted',... 
              'Location','NorthEastOutside'); 
xlabel('Time (sec)');ylabel('Distance (m)'); 
title('Predicted Total Distance (m)') 
 

 


