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Abstract 

The most widely used classification method for statistical mapping is Jenks’s natural breaks. However, it 

has been found that natural breaks is not good at classifying data which have scaling property. Scaling 

property is ubiquitous in many societal and natural phenomena. It can be explained as there are far more 

smaller things than larger ones. For example, there are far more shorter streets than longer ones, far more 

smaller street blocks than bigger ones, and far more smaller cities than larger ones. Head/tail breaks is a 

new classification scheme that is designed for values that exhibit scaling property. In Digital Elevation 

Models (DEMs), there are far more lower elevation points than higher elevation points. This study 

performs both head/tail breaks and natural breaks for values from five resolutions of DEMs. The aim of 

this study is to examine advantages and disadvantages of head/tail breaks classification scheme compared 

with natural breaks. One of the five resolutions of DEMs is given as an example to illustrate the principle 

behind the head/tail breaks in the case study.  

The results of head/tail breaks for five resolutions are slightly different from each other in number of 

classes or level of details. The similar results of comparisons support the previous finding that head/tail 

breaks is advantaged over natural breaks in reflecting the hierarchy of data. But the number of classes 

could be reduced for better statistical mapping. Otherwise the top values, which are very little, would be 

nearly invisible in the map.  

A main conclusion to be drawn from this study is that head/tail breaks classification scheme is advantaged 

over natural breaks in presenting hierarchy or scaling of elevation data, with the top classes gathered into 

one. Another conclusion is when the resolution gets higher; the scaling property gets more striking. 

 

Keywords: Head/tail breaks, natural breaks, heavy-tailed distribution, scaling property, data classification, 

digital elevation models 
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Chapter 1  

Introduction 
 

1.1 Background 

A Geographic Information System (GIS) is a system to capture, analyze, store, manage and represent all 

kinds of geographic data (ESRI 1992). In terms of representing data, maps are the most familiar for public 

users. Kinds of maps are commonly seen in our daily life, such as, travel maps and weather forecast maps. 

In these kinds of maps, there are always many characteristics. For example in travel maps, there are 

characteristics such as direction of roads, location of hotels and so on. However, among maps, there is a 

specific map, called thematic map, in which only one attribute is represented, such as, elevation maps and 

rainfall maps. Attribute is the characteristic of an entity (Laurini and Thompson 1992). A thematic map 

brings more attention on the spatial distribution of the specific attribute. However, due to the heavy data 

volume, sometimes it would be a heavy task to signifying or coloring every individual value. At this time 

data classification is necessary to be performed. 

Data Classification for statistical mapping is to group data into different classes for representing map of 

geographic data. With data classification, data can be grouped into classes for presenting similar attributes 

(e.g., elevations). Data in the same class are given a separate color for presentation. Thus it is very 

important that classification of data should be made appropriately; otherwise the mapping would be biased 

largely (Jiang 2012a). The same data, if classified with different methods, can be distinctly different in 

appearance (Brewer and Pickle 2002). 

There are many classification methods for statistical mapping. Among them, the most popular one is 

natural breaks, proposed by George Jenks in 1967. Natural breaks method is claimed to be good at 

representing the spatial characteristic of values. It is accomplished by maximize the variance between 

classes and at the same time, minimize the variance within classes. In this way the actual clusters of values 

are naturally grouped together (refer to 2.1 for more description about natural breaks). Thus it is a 

commonly used classification scheme in GIS software (e.g., ArcGIS). 

Except for natural breaks, other commonly used methods are equal interval, quantiles and standard 

deviation (Kazimierski 2011). The number of classes and class interval are considered to be two 

fundamental things concerning data classification (Jiang 2012a).  Equal interval method accomplishes data 

classification through setting the number of classes with keeping the class intervals equally. This method 

is easy for normal users to understand and operate. However, the problem is empty classes may exist, 

since the data are not always distributed uniformly like the classes intervals. There might be classes which 

don’t have any data included. Quantiles method is to keep the amount of data equally classified into 

groups. The problem is some similar or equal data might be classified into different groups. Equal interval 

and quantiles method are more based on human’s subjective feeling than data themselves. Thus they are 

subjective methods and considered to convey little information about data (Osaragi 2002). A more data 

based classification method is standard deviation. In standard deviation method, data are classified into 

groups according to the variances from the data’s mean value. It works well for data that exhibit normal 

distribution (refer to section 2.2 for more description about normal distribution). This method involves a 

little knowledge about statistics; therefore it might be hard to understand for normal users.  



 

2 

 

 

Traditional classification method usually gives expression to Gaussian way of thinking (Jiang 2012a). 

More focuses are given to high-frequency events through increasing breaks in high-frequency part rather 

than low-frequency part. In fact, those low-frequency events, which are unlikely to happen, tend to be 

more worthy of attention. For instance, those major roads usually have much more traffic volume than 

branch roads. Major roads also often give an effective impression of cities in human mind. Headline news, 

which unusually happens, draws more attentions from the public readers than other trivial news, and 

causes greater social repercussions. While the new classification method head/tail breaks doesn’t ignore 

low-frequency events, but place them at an important position. 

Head/tail breaks scheme is a new classification method that has been proposed by Jiang in 2012. Good 

classification should reflect the pattern that underlies the data. Therefore data’s distributional regularities 

need to be considered before choosing a classification scheme. Head/tail breaks classification scheme is 

specifically designed for data which exhibit a heavy-tailed distribution (refer to section 2.2 for more 

description about heavy-tailed distribution). Data that exhibit the heavy-tailed distribution have the scaling 

property, which could be explained as “there are far more smaller things than bigger ones” (Jiang and Liu 

2012). For example, there are far more shorter streets than longer streets (Kalapala et al. 2006); far more 

small cities than large cities (Zipf 1949); far more ordinary people than extra-ordinary people (refer to 

section 2.3 for more description about scaling property). Head/tail breaks classification scheme is in line 

with this property and could reflect the hierarchy of data. In head/tail breaks, the number of classes and 

the class intervals are both naturally determined. Thus it is declared to be “more natural than the natural 

breaks”.  

Elevations of geographic locations are an essential element for representing the terrain of surfaces. The 

terrain of surfaces is often represented by a digital elevation model (DEM). Normally, there are two forms 

of DEM, respectively vector and raster (Heywood et al. 1998). Vector form usually refers to the triangular 

irregular network (TIN). In TIN, every vertex stands for an elevation value. With connecting these 

vertexes by lines, the ups and downs terrain is represented. While the most commonly used DEMs are in 

raster form (Zhang and Montgomery 1994). Raster DEM usually refers to regular grids, with each grid (or 

pixel) stores an elevation value. Raster DEMs are used in this study because of their easy operabilities. 

1.2 Motivations and aims of the study 

Since previous studies showed that scaling property exist extensively in a variety of disciplines (Harchol-

Balter 1999). And further study indicated that the essential performance of geographic space was in line 

with this scaling property (Jiang et al. 2012). Elevation is one of the Earth's most fundamental geophysical 

properties (Gesch et al. 1999). It is a common sense that there are far more lower elevation places than 

higher elevation places, which is a scaling property. As we can observe in our daily life, there are far more 

lowland areas than mountain areas. Even in mountain areas, there are far more lower places than 

extremely high places. This scaling property is an indicator that data can be classified using head/tail 

breaks. Besides, the elevations, which range largely in nature can’t be estimated by a mean value. It 

doesn’t seem like a normal distribution. Therefore, I believe, head/tail breaks should be appropriately 

applied to elevation values for the purpose of statistical mapping.  

Head/tail breaks method, as a novel classification scheme, proposed in recent years by Jiang (2012a), 

needs to be tested and explored to find its advantages (and disadvantages) compared to other methods, 
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such as natural breaks. Previous researchers have found that head/tail breaks method has good 

performance for heavy-tailed data, such as, city size, street lengths (Jiang 2012a), street blocks (Jiang and 

Liu 2012), street connectivity (Jiang et al. 2012), population density (Jiang and Sui 2013). Head/tail 

breaks classification scheme greatly challenges natural breaks for capturing hierarchy or scaling property 

of data. This study is motivated by this and trying to explorer the application of head/tail breaks method 

for elevation data. To make the results more comparative, values of contiguous U.S. in five different 

resolutions of DEMs are used in this study. 

The objectives of this study contain: 1) demonstrating how head/tail breaks captures the hierarchy of data 

from several resolutions of DEMs; and 2) examining (dis)advantages of head/tail breaks over natural 

breaks classification scheme for elevation values with a heavy-tailed distribution.  

1.3 Structure of this report 

The remainder of this report is organized as follows. Chapter 2 introduces methods and material that used 

in this study. After that, chapter 3 describes some important factors (resolutions, data sources, shapefile 

and projection) to be considered about the DEM data and data process. In chapter 4, the classification 

results of head/tail breaks and the comparisons of the two methods are displayed, with discussions on the 

results. Conclusions are drawn in chapter 5, with some suggestions for further study. 
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Chapter 2  

Methods and Materials 
 

The two main methods for data classification used in this study were natural breaks and head/tail breaks. 

In ArcGIS 10.0, elevation data were derived from DEMs. Jenks’ natural breaks is easy to perform since it 

is a build-in classification method in the software. While for head/tail breaks, data were exported to Excel 

to calculate break values. Then “manual” method was used in the software with break values typed in 

manually. The statistical mappings from natural breaks and head/tail breaks were both performed in 

ArcGIS. 

2.1 Natural breaks 

Natural breaks classification scheme is accomplished through maximize the variance between classes and 

minimize the variance within classes. This method is also called the goodness of variance fit (GVF). GVF 

is an indicator shows how good the classification is. It is related to both the variances from the array mean 

and class mean. GVF increases while moving value from the class which is most deviated from the array 

mean to the class which is least deviated from the array mean. In a certain range, when the GVF reaches 

maximum, that is when the variances from the class means reach minimum, the classification process is 

accomplished (Jenks 1967). In this way, the natural clusters of values are grouped together.  

This kind of classification seems very “natural” and follows the clustering of data. However, it has some 

drawbacks. For example, the process is very complicated and time consuming. Although nowadays some 

software (e.g., ArcGIS) can perform this automatically, the concept behind this method is not 

understandable for normal map users. Besides, because of its complexity, the method is hardly to reach the 

supposed number of classes. Therefore the number of classes is usually defined by users. This causes 

uncertainty that seems to be not “natural” as it should be. 

2.2 Normal distribution and heavy-tailed distribution 

Our world is full of numerical values:  human height, individual wealth, city size and so on. These 

numerical values in many natural phenomena usually more or less exhibit certain distributions. The 

distribution of data should be considered before classification. What has been commonly cognized by 

humans is normal or Gaussian distribution. It looks like a bell-shape curve with two tails rapidly 

approaching the x-axis on both sides (Figure 2.1). All values in normal distribution are distributed around 

a mean value. For example, the human heights are considered as normal distribution. They could be 

ranged from 1.5 m to 2 m, with an average of about 1.7m. There are little people who are shorter than 1.5 

m or taller than 2 m. Most people have their heights around the mean 1.7 m. So that the mean value can be 

used to roughly describe values that exhibit a normal distribution without large variance. 
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Figure 2.1: Illustration of normal distribution 

In contrast to a normal distribution where the mean value holds roughly the values, heavy-tailed 

distribution is considered to be “more natural than natural” (Jiang et al. 2012, p.10). When values are 

heavy-tailed distributed, the mean stands for a less typical size of the values. The first person to discover 

heavy-tailed distribution was Italian economist Pareto in 1906. He made two important discoveries: 80% 

of Italian land was owned by only 20% persons, and 80% of the society wealth was owned by only 20% 

persons. This is therefore called 80-20 principle (Geza et al. 2007).  Afterwards in 1949, the famous Zipf’s 

law was proposed by two observations: one is in linguistics, to say the words usage frequency follows a 

heavy-tailed distribution of the rank, and another is in social studies, to say that cities’ population follows 

a heavy-tailed distribution of the rank (Zipf 1949). Since then, heavy-tailed distribution has been 

discovering in many natural and social phenomena. For example, it was found in the distribution of 

biological general (Simon 1955), seismic rates (Saichev and Sornette 2007), and the length of streets 

(Kalapala et al. 2006, Jiang 2007) and so on.  

In a heavy-tailed distribution, there are small values which occupy a high percentage (majority) 

concentrated in the long tail, and large values occupy a low percentage (minority) concentrated in the head 

(Figure 2.2). Heavy-tailed distribution has a property of scale invariance or scaling. This scaling property 

could be explained as “there are far more small things than large things”. Since majorities of data are in 

the tail part, heavy-tailed distribution is also called right-skewed distribution. The phenomenon that “there 

are far more small things than large ones” in fact refers to a heavy-tailed distribution (Clauset et al. 2009). 

Power law distribution is a typical heavy-tailed distribution: 

y=x
-α

, 

where x is the variable of interest, 

y is the probability of occurrence, and  

α is the exponent, or scaling parameter of power law 

Except for power law distribution, there are other types of heavy-tailed distribution, such as, exponential 

distribution, lognormal distribution. In nature it’s practically impossible to have one certain type of 

distribution which introduced above, however. What often happens is the combination and deformation of 

them, such as stretched exponential distribution and power law with a cutoff (Clauset et al. 2009). 

Heavy-tailed distribution could be expressed in a rank-size distribution plot. The x-axis is arranged 

depending on the frequency of event. The minimum-frequency event (the most unlikely to happen) ranks 

1, and the second minimum-frequency event ranks 2 and so on. The y-axis is the corresponding value of 
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the event, called size. Normally a heavy-tailed distribution can be expressed by the figure below (Figure 

2.2). 

 

Figure 2.2: Illustration of heavy-tailed distribution 

2.3 Scaling property 

The scaling property is found to be the essential performance of geographic space and the law of 

geography (Jiang 2012b). It can be explained by “far more smaller things than larger things”. In 

particularly, there are far more frequent events than improbable events in a heavy-tailed distribution. With 

cutting at the mean value, two partitions are grouped. Those above the mean usually occupy a low 

percentage, called the head. While those below the mean occupy a high percentage, called the tail. For the 

head part, if a new mean value is broke in, the same condition occurs: a low- percentage head and high- 

percentage tail. This states that the data show hierarchy. This hierarchy has no relation to scale, therefore 

called scale free or scaling. 

With this scaling property, the numbers of classes and class intervals could both be naturally defined in 

head/tail breaks method. All values are firstly cut by a mean. Values are separated into two parts, namely, 

the head and tail (Figure 2.3). In heavy-tailed distribution, the percentage of head is smaller than that of 

tail. If so, the cut should be continued to make with a new mean in the head part repeatedly. Cut stops 

until the head part from last level is no longer heavy-tailed or no longer a minority. That is to say, when 

the head part is no longer less than the tail part, the breaks are finished. In this way, all values could be 

naturally classified and no preset factors are needed. From this point the head/tail classification scheme is 

based on the hierarchy or scaling property of data. 

 

Figure 2.3: Illustration of head/tail breaks 

 (modified from Jiang 2012a) 
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2.4 Case study 

This study concerns the classification of five resolution DEMs in contiguous United States. Among them, 

for the sake of simplicity, the lowest resolution 1,800 m is selected to perform this case study. The aim of 

the case study is to illustrate the manipulation (refer to Appendix B for more detailed steps for performing 

head/tail breaks with the software Excel) and principle of head/tail breaks. The 1,800 m DEM has 

2,398,048 grids, with elevation values ranged from -204 m to 4,096 m. In this study the elevations above 

(heights) and below (depths) the sea level are both studied. But only the heights (0-4,096 m) are classified 

in this case study because the depths don’t quite fit a heavy-tailed distribution (see more details in section 

4.1).   

The first arithmetic mean to separating all the data is 789 (Table 1). The head part (those above the mean) 

has 917,318 grids, while the tail part (those below the mean) has 1,480,730 grids. It is obvious that the 

head part occupies a smaller percentage (38%) than the tail. Therefore a continuous break can be made. 

The new mean for the head from last level (level 1) is calculated to be 1,583. In the second level, this 

mean value 1,583 separates values into the head 406,464 grids and tail 510,854 grids. The percentage of 

head (44%) is again smaller than the tail, so we can continue to do a break.  In the third level, a mean 

2,086 separates the 406,464 grids into head 163,581 grids (40%) and tail 242,883 grids (60%) - again an 

indicator for a continuous break. Continue to do the breaks in this way. In this case, the head part is all the 

time occupies smaller than the tail until there is even only one grid in the head. For other cases, for 

instance DEM in 90 m resolution (Appendix C), the breaks should be stopped after level 20, when the 16 

grids are not heavy-tailed any more. 

Table 1: Sixteen partitions leading to seventeen groups of elevation values of contiguous U.S. 

Levels H-range (m) Count Mean In head In head % In tail In tail % 

1 0-4096 2398048 789 917318 38.3% 1480730 61.7% 

2 789-4096 917318 1583 406464 44.3% 510854 55.7% 

3 1583-4096 406464 2086 163581 40.2% 242883 59.8% 

4 2086-4096 163581 2484 62448 38.2% 101133 61.8% 

5 2484-4096 62448 2860 25225 40.4% 37223 59.6% 

6 2860-4096 25225 3174 10570 41.9% 14655 58.1% 

7 3174-4096 10570 3416 4590 43.4% 5980 56.6% 

8 3416-4096 4590 3591 1952 42.5% 2638 57.5% 

9 3591-4096 1952 3719 842 43.1% 1110 56.9% 

10 3719-4096 842 3813 334 39.7% 508 60.3% 

11 3813-4096 334 3889 142 42.5% 192 57.5% 

12 3889-4096 142 3946 53 37.3% 89 62.7% 

13 3946-4096 53 3992 22 41.5% 31 58.5% 

14 3992-4096 22 4023 9 40.9% 13 59.1% 

15 4023-4096 9 4048 3 33.3% 6 66.7% 

16 4048-4096 3 4076 1 33.3% 2 66.7% 
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It is easy to see the property of scaling or hierarchy in the data through head/tail breaks scheme. The first 

class, ranged from 0 m to 789 m, acts as the background for the second class. The second class, ranged 

from 789 m to 1,583 m, acts as the background for the third class. In the same way, all the classes (except 

the first and last class) act as both background and foreground for their immediate upper and lower classes. 

This is the so called underlying pattern of the data. Head/tail breaks classification method quite well 

follows the underlying pattern, or scaling property of the data. 

As you can see, the number of classes and class intervals are naturally determined. The number of classes 

is determined by when to stop the breaks; the classes intervals are determined by the smallest value (0 m), 

the largest value (4,096 m), and all the arithmetic means in between. All the break values are the 

arithmetic means from each certain height level. The arithmetic mean is calculated by dividing the total 

amounts of elevations that the pixels have, by the number of pixels in this height range (refer to Appendix 

B for more detail steps and formulas in Excel). We have made sixteen partitions and finally broke all 

values into 17 classes in this case.  
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Chapter 3 

Data and data processing 
 

This chapter introduces four important factors (resolutions, data sources, shapefile and projection) to be 

considered about the DEM data and data process. In this study the DEM data in five resolutions are 

needed, therefore data sources with these resolutions should be selected. In addition, the study area is 

contiguous United States, thus the area should be clipped with a shapefile. Also, a suitable projection 

method should be chosen. 

3.1 Resolutions 

The resolution of raster DEM refers to the size of grids (Theobald 1989). For example, if the resolution of 

DEM is 500 m, it means one such grid in the DEM represents 250,000 m
2 
(500 m × 500 m) areas in the 

reality. Different resolutions of DEMs are applied depending on actual condition, for example, the scale of 

terrain feature.  In this study, I chose five resolutions of DEMs to perform head/tail breaks classification 

scheme, respectively, 3-arcsec, 7.5-arcsec, 15-arcsec, 30-arcsec, and 1-arcmin. One arc second (1-arcsec) 

means about 30 m while one arc minute (1-arcmin) means 60-arcsec, about 1,800 m. The data are spaced 

regularly using the unit arcsec (or arcmin) in the acquisition process. But in this study, the unit meter is 

used for conventional representation. 

For the purpose of analyzing DEM data at national or continental scale, initially 500 m and 1,000 m 

DEMs are chosen. However, in consideration of the modifiable area unit problem (MAUP), more DEMs 

in higher and lower resolutions were also considered to be chosen. MAUP was identified by Gehlke and 

Biehl (1934), who firstly found differences of results from data at different aggregation levels. Afterwards 

Openshaw and Taylor (1979) came up with the term “MAUP” when studied election data from different 

levels of census tract. Later, Arbia (1989) attempted to relate the reasons for MAUP to autocorrelation and 

improved the understanding of it deeply. The MAUP is often defined as a problem that “arising from the 

imposition of artificial units of spatial reporting on continuous geographical phenomenon resulting in the 

generation of artificial spatial patterns” (Heywood et al. 1998). To put it simply, the choice of area unit 

may affect the results. For example in reality, census data are aggregated into census enumeration districts, 

or postcode areas, or communities. Thus the crisis analysis based on these districts would be influenced. 

This arbitrary and modifiable area aggregation influences results of analysis based on geospatial studies. If 

the relationship among the variables changes along with the choice of area unit, the modifiable areal unit 

problem (MAUP) arises (Openshaw 1984).  

This influence can be put into two aspects: scale effect and zonation effect, or aggregation effect (Armhein 

1995). Scale effect causes the variance of results by partitioning the area into the different number of 

regions. For example in census analysis, using data that aggregated from city and that from province will 

be different. Zonation effect causes the variance of results by aggregating in different methods. For 

example in census, analyzing using data that aggregated from two different shapes of cities, but same 

scale, will be different. It is very important to understand MAUP would affect the results in studies. It is 

commonly recognized that researchers should be cautious about analysis based on aggregated data (Unwin 

1996; Bailey and Gatrell, 1995). In this study, different resolution of DEMs may affect the results to some 

extent due to MAUP. However it is difficult to determine how this influence is made because the reasons 
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might be very complicated (Dark and Bram 2007). To find the resolutions to solve MAUP is still an open 

area. Therefore, choosing multiple area unit or data sources is considered to be an easy response strategy 

(Oliver 2001). 

When choosing higher resolutions of DEMs, 250 m and 90 m were taken. Until they are up to 90 m, the 

software run slowly, even simply zoomed in or out. Therefore I decided to stop at 90 m and not try higher 

resolutions. Also, it’s reasonably enough to have such high resolutions for analyzing data for a country 

scale. When choosing lower resolutions, 1,800m were taken. As we know, one grid could only represent 

one value. If the resolutions become bigger than 1,800m, some mountains might be omitted because of 

their smaller sizes. Thus I decided to stop here at 1,800 m and not try lower resolutions. Therefore five 

resolutions of DEMs were taken, respectively, 90m, 250m, 500m, 1,000m and 1,800m. 

3.2 Data sources 

The DEMs used in this study come from several different sources (Table 2). There are quite many 

elevation products which are generated by different companies or governments. All these DEMs used in 

this study can be downloaded from several GIS data resources websites and are freely available for public 

to use. 

Table 2: Sources of information for five resolutions of DEMs 

           Resolution 

Sources 

90m/3arcsec 

 

250m/7.5arcsec 500m/15arcsec 1,000m/30arcsec 1,800m/1arcmin 

Elevation products SRTM GMTED2010 GMTED2010 GTOPO30 ETOPO1 

Download 

websites 

CGIAR-CSI
* 

USGS-EROS
* 

USGS-EROS
* 

USGS-EROS
* 

NOAA-NGDC
* 

*CGIAR-CSI is Consortium for Spatial Information- a spatial science community of Consultative Group on International 

Agricultural Research.  

*USGS-EROS is the center for Earth Resources Observation and Science of U.S. Geological Survey. 

*NOAA-NGDC is short for the National Geophysical Data Center of National Oceanic and Atmospheric Administration 

 

Global 30 Arc-Second Elevation Dataset (GTOPO30) is a global digital elevation model (DEM) that 

produced by the U.S. Geological Survey's Data Center for Earth Resources Observation and Science 

(EROS), completely finished in late 1996 (USGS 1996). Regularly spaced at 1,000 m, it was produced to 

meet the needs at a continental scale. It was derived from eight raster and vector sources to a common 

vertical projection system GCS_WGS_1984. GCS_WGS_1984 is a commonly used coordination system 

in geography and navigation, where all the downloaded DEMs in this study are projected. 

 

GMTED2010 is a global elevation model that improved a lot compared to the previous GTOPO30. The 

accuracy of DEM could be expressed by Root Mean Square Error (RMSE), which is an indicator of errors 

computed by firstly squaring, then averaging and finally extracting the data (Wechsler and Kroll 2006). 

GMTED2010’s 500 m DEMs have the RMSE 29-32m, while 250 m DEMs have the RMSE 26-30m. 

Compared to GTOPO30’s RMSE 60m, a significant improvement on accuracy had been made. Same as 

GTOPO30, several (eleven) raster and vector sources were derived. They were aggregated using several 

methods: minimum elevation, maximum elevation, mean elevation, median elevation, standard deviation 

of elevation, systematic subsample, and breakline emphasis. Products generated with different methods 

are for different use. According to the technical documentation (Danielson and Gesch 2011), the mean 

elevation aggregation method is suitable for general all-purpose applications. In this study, therefore, the 

mean elevation method is selected.  
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SRTM is a breakthrough in the achievement of global high quality DEM. It has very good accuracy with 

the RMSE of less than 16m. With filled voids, it can be used to generate hydrological modeling, and “no 

data” would never occur (Jarvis et al. 2008). The benthic part is acquired by ship-mounted depth 

soundings. 

 

ETOPO1 is a 1,800 m relief model developed by the national Geophysical Data Center (NGDC) of 

National Oceanic and Atmospheric Administration (NOAA). Ocean bathymetry was combined with land 

topography to generate a global available model. It was built from various datasets and shifted to a 

common horizontal datum: World Geodetic System 1984. The accuracy of the model is dependent on 

different datasets used, 10 m at the best (Amante and Eakins 2009). 

3.3 Shapefile of contiguous United States 

The selected area in this study is the contiguous United States. However the downloaded DEMs are either 

a whole piece of American Continent or several pieces of adjacent tiles. Therefore a shapefile of 

contiguous United States is required in order to clip the contiguous United States from the whole DEM 

(Figure 3.1). It is easy to clip the DEM in ArcGIS using a shapefile (detailed steps can be found in 

Appendix A). 

The refined shapefile is obtained from the website of Natural Earth. Natural Earth is volunteered 

Geographic Information (VGI), which is an information dataset contributed by volunteers. In such a way 

cartographers and students from all over the world can take part in. It is also supported by NACIS (North 

America Cartographic Information Society) so that its members could contribute their efforts on it. The 

downloaded shapefile contains 247 countries all over the world. However, only the contiguous United 

States is used in this study. Therefore other countries should be removed. It’s worth noting that a same 

shapefile should be used to clip all the five different resolutions’ DEMs. This ensures that the same 

clippings are performed and makes the comparisons among the results meaningful. 

                                                     

Figure 3.1: Illustration of clipping DEM of Contiguous U.S. from several adjacent tiles 

3.4 Projection 

In geographic information systems, a first and important issue is to set up the projection. Simply to explain 

“projection”, how can a three-dimensional earth surface be put into a plane? We need to find a law to 

make a relationship between the 3D surface and 2D plane. There are hundreds of laws that can be used for 

various applications. For example, there are projections which are directions remained, distances remained, 

areas remained and shape remained. Different projections can be chosen for different purposes. If the 

obtained data are not suitable for the situation, projection transformation (or reprojection) is required. 

Some softwares (e.g., ArcGIS) have this function to operate reprojection very easily (detailed steps could 

be found in Appendix A). 

+shapefile clip 
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All downloaded DEMs in this study are essentially in WGS1984. The World Geodetic System (WGS) 

1984 is a geodetic datum that extensively used in geodesy (Badekas 1969). It is also used by Global 

Positioning System (GPS) for a reference coordinate system. Many different types of data can be applied 

into it with a variety of coverage. The transferred projection in this study is 

USA_Contiguous_Albers_Equal_Area_Conic_USGS_version (Figure 3.2). It was firstly proposed in a 

German periodical by Heinrich Christian Albers in 1805. Taking the surface of a cone as the projective 

plane, it keeps the area equally. All the parallel altitude lines still maintain parallel, and forms concentric 

arcs on the plane; all the meridians become emanative radiis. Albers equal area conic projection is suitable 

for “equal-area maps of regions with predominant east-west expanse, especially the conterminous United 

States” (John 1987). It is said to be one of the most commonly used projections for conterminous United 

States.  Adams put it into this way: “an equal-area representation that is as good as any other and in many 

respects superior to all others” (as cited in John 1987). 

 

Figure 3.2: Illustration of the projection USA_Contiguous_Albers_Equal_Area_Conic (USGS 2006) 

  

http://egsc.usgs.gov/isb/pubs/MapProjections/projections.html
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Chapter 4 

Results and discussions 
 

This chapter displays the results from this study, with also some discussions on the results. The results can 

be mainly divided into two parts. One part is the results of head/tail breaks, and the other part is the results 

of the comparisons between natural breaks and head/tail breaks. With the cross comparisons among 

different resolution DEMs, the necessity of using multi-resolution DEMs is confirmed. 

4.1 Results of head/tail breaks 

Except for DEM resolution of 1,800m in case study, the other four classification result tables are obtained 

(Appendix C). Head/tail breaks are used to perform the classifications for both heights and depths. For 

heights, we have got separately 20, 19, 18, 17 and 16 levels for 90m, 250m, 500m, 1,000m and 1,800m 

resolutions DEMs (Appendix C). In 90m resolution DEM, 896,623,757 height values ranged from 0 m to 

4,405 m are grouped into 21 classes. In 250m resolution DEM, 110,795,368 height values ranged from 0 

m to 4,372 m are grouped into 20classes. In 500m resolution DEM, 28,714,159 height values ranged from 

0 m to 4,352 m are grouped into 19 classes. In 1,000m resolution DEM, 11,728,512 height values ranged 

from 0 m to 4,302 m are grouped into 18 classes. In 1,800 m resolution DEM, 2,398,048 height values 

ranged from 0 m to 4,096 m are grouped into 17 classes. The percentages of head, about 40%, keep 

constantly lower than that of tail, about 60%.  

While for the depths, we have got only one level for 90m, 250m, 500m and 1,000m, and three levels for 

1,800m resolution DEMs (Appendix C). In 90m resolution DEM, 2,290,843 depths values are ranged 

from -112m to 0m. In 250m resolution DEM, 283,641 depths values are ranged from -91m to 0m. In 

500m resolution DEM, 80,059 depths values are ranged from -82m to 0m. In 1,000m resolution DEM, 

21,065 depths values are ranged from -105m to 0m. In 1,800m resolution DEM, 11,195 depths values are 

ranged from -204m to 0m. The small number of levels indicates that the depths don’t quite exhibit a 

heavy-tailed distribution. The reason for this might be the low accuracy under the sea. However, 

classifications for the heights are enough for this study. Because what we prefer to focus on in topography 

is to represent elevations above the sea level. Therefore we eliminate depths from elevation values in the 

following discussions, but focus on the heights only. 

4.2 Comparisons with natural breaks 

The appearances of five compared classification mappings are almost same with each other (Appendix C). 

The following is just an example of 1,800 m, to illustrate the differences between the two methods. 

Compared to natural breaks (Figure 4.1a), head/tail breaks (Figure 4.1b) shows little obvious advantage. It 

performs even worse in representing terrain solely on visual effect. Areas with high elevation values, 

which represented in brownish red and white, are nearly invisible in the mapping. While almost all areas 

are in green. However, it is not hard to find through checking the table of two classification methods 

(Table 3) that the count percentages decrease along with the elevations increase. For example, percentages 

slowly decrease from 14.23% to 0.4% for natural breaks, while dramatically decrease from 61.75% to 

0.00004% for head/tail breaks. The natural breaks method clearly shows the lacking of scaling property; 

for example, the lowest three classes occupy nearly the same percentages without showing hierarchy. 
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While for the head/tail breaks, every class occupies distinct different percentages so that the hierarchy of 

data is shown. The rank-size plots give a deeper impression of this contrast (Figure 4.2).  

    

(a) Jenks’s natural breaks                                                   (b) Head/tail breaks 

Figure 4.1: Classification mappings of seventeen classes, using (a) Jenks’s natural breaks and (b) the 

head/tail breaks 

Color scheme is also an important aspect that need to be considered for representation mappings. Several 

color schemes were performed in the process of representing mappings. The color scheme from green, 

beige, yellow, red to white gives the best representation of elevations from low to high. Therefore it is 

used in this study. 

Table 3: Classification tables of seventeen classes, using (a) Jenks’s natural breaks and (b) the head/tail 

breaks 

(a) Jenks’s natural breaks                                                             (b) Head/tail breaks 

 

 

  

Classes H-range (m) Count Percentage 

1 0-120 341139 14.23% 

2 121-243 315492 13.16% 

3 244-364 332220 13.85% 

4 365-506 236937 9.88% 

5 507-671 160667 6.70% 

6 672-848 140080 5.84% 

7 849-1036 121679 5.07% 

8 1037-1225 105870 4.41% 

9 1226-1406 126354 5.27% 

10 1407-1590 115843 4.83% 

11 1591-1782 103356 4.31% 

12 1783-1983 92804 3.87% 

13 1984-2200 81914 3.42% 

14 2201-2456 57139 2.38% 

15 2457-2776 35532 1.48% 

16 2777-3193 21087 0.88% 

17 3194-4096 9935 0.41% 

Classes H-range (m) Count Percentage 

1 0-788 1480730 61.74730% 

2 789-1582 510854 21.30291% 

3 1583-2085 242883 10.12836% 

4 2086-2483 101133 4.21731% 

5 2484-2859 37223 1.55222% 

6 2860-3173 14655 0.61112% 

7 3174-3415 5980 0.24937% 

8 3416-3590 2638 0.11001% 

9 3591-3718 1110 0.04629% 

10 3719-3812 508 0.02118% 

11 3813-3888 192 0.00801% 

12 3889-3945 89 0.00371% 

13 3946-3991 31 0.00129% 

14 3992-4022 13 0.00054% 

15 4023-4047 6 0.00025% 

16 4048-4075 2 0.00008% 

17 4076-4096 1 0.00004% 
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 (a) Jenks’s natural breaks                                                         (b) Head/tail breaks 

Figure 4.2: Histograms of seventeen classes, using (a) Jenks’s natural breaks and (b) the head/tail breaks 

However, the appearance totally changed when the number of classes is reduced to seven (Figure 4.3).  

The number seven is the human’s memory limit at same time (Miller 1956). The advantage of head/tail 

breaks scheme is obvious by merging the eleven higher classes into one. Compared with natural breaks 

(Figure 4.3a), head/tail breaks scheme (Figure 4.3b) gives more correct expression to the topographical 

distribution in contiguous America. In contiguous America, the elevation of the large area in the east is 

indeed lower than the west. While for natural breaks, the colored representation does not agree with the 

facts. In this regard, head/tail breaks scheme is more suitable than natural breaks for elevation values. The 

count percentages decrease from 29.39% to 2.23% for natural breaks, while from 61.75% to 0.44% for 

head/tail breaks (Table 4). Same as the situation above in 17 classes, natural breaks method shows no 

hierarchy. For example, the lower classes (e.g., class 3,4 and 5) occupy similar percentages. While for 

head/tail breaks, dramatical decreases occur in the same way. The rank-size plots give a deeper impression 

of this contrast (Figure 4.4). 

    

          (a) Jenks’s natural breaks                                                      (b) Head/tail breaks 

Figure 4.3: Reduced classification mappings of seven classes, using (a) Jenks’s natural breaks and (b) the 

head/tail breaks 
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Table 4: Reduced classification tables of seven classes, using (a) Jenks’s natural breaks and (b) the 

head/tail breaks 

(a) Jenks’s natural breaks                                                                (b) Head/tail breaks 

 

 

 

 

 

 

 

                          

          (a) Jenks’s natural breaks                                                     (b)Head/tail breaks 

Figure 4.4: Histograms of seven classes, using (a) Jenks’s natural breaks and (b) the head/tail breaks 

From the reduction process above, we can discover another advantage of head/tail breaks - easy 

compressibility. The reduced classification is generated through simply merging the higher classes without 

recomputing. In the reality, more often than not the number of classes needs to be redefined. Just like what 

happens in the above case study, the grids in the top classes is too inconspicuous to see.  Since the class 

interval in the head/tail breaks is naturally defined. Reduction is performed by just merging classes 

without affecting other classes. In this regard, head/tail breaks scheme advantages over natural breaks 

owing to its simplicity. Interestingly for natural breaks, by reducing classes from seventeen to seven, there 

are little obvious changes in mapping (Figure 4.1a and Figure 4.3a). However this is not true for head/tail 

breaks. The statistical mapping changes largely from seventeen to seven classes (Figure 4.1b and Figure 

4.3b). This embodies the retention of data’s hierarchy in head/tail breaks. No matter how much the 

number of classes is, head/tail breaks scheme captures the hierarchy of data in the same way. 

Also, the shapes of histograms are very similar with each other (Appendix C). Besides, we can observe 

that the break values of head/tail breaks are very similar. The first break value is around 789, second is 

1583, third 2087 and so on. While for natural breaks, the break values in the reduced classes are very 

similar, successively around 257, 595 and so on. This is an interesting finding that showing head/tail 

breaks captures the hierarchy of data in spite of different resolutions and sources of data consistently. 

Classes H-range (m) Count Percentage 

1 0-259 704766 29.39% 

2 260-595 614781 25.64% 

3 596-1036 328667 13.71% 

4 1037-1487 285562 11.91% 

5 1488-1941 240581 10.03% 

6 1942-2549 170255 7.10% 

7 2550-4096 53436 2.23% 

Classes H-range (m) Count Percentage 

1 0-788 1480730 61.75% 

2 789-1582 510854 21.30% 

3 1583-2085 242883 10.13% 

4 2086-2483 101133 4.22% 

5 2484-2859 37223 1.55% 

6 2860-3173 14655 0.61% 

7 3174-4096 10570 0.44% 
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While for natural breaks, only when the number of classes reduced relative small (e.g., 7), the “natural” 

breaks values are consistent. 

4.3 Cross comparison 

When make comparisons among the resulting tables of head/tail breaks, we can find numbers of levels 

increase along with the resolutions increase. For example, as the resolutions increase from 1,800 m to 90 

m, the numbers of levels range from 16 to 20. One sound reason is that when the resolutions get higher, 

the DEMs give better representations of the actual terrain. Values of each grid are aggregated from 

elevations of every point in the grid. So when the grids get smaller, or the resolutions get higher, it better 

fits the situation. That is to say more striking the heavy-tailed distribution is exhibited. This could be an 

addition for Jiang’s (2012a) experiential finding that the larger the systems, the more obvious the heavy-

tailed distributions, which the systems here are in terms of time and space. In this study, heavy-tailed 

distributions or the scaling property becomes more obvious when the resolution or the accuracy of the 

values gets higher. 

Considering the data themselves, we find the highest elevation values in each resolution increase when the 

resolutions increase. As can be checked in the height range, the highest values range from 4,096 m to 

4,405 m. This probably because when the grids are big enough, the pixel values of the mountaintops will 

be affected by lower values around them. 

As can be seem from the result tables, different resolutions affect the results to some extent, for example, 

the numbers of levels. Even from a same source (e.g., 250 m and 500 m), the results differ from each other. 

While for the comparisons of the two methods in the five resolutions, the differences are not visually easy 

to see. As mentioned above, a wise solution to solve MAUP is choosing multi-resolutions. Although the 

results are slightly different, the conformity of results convinces the conclusions of the better performance 

for head/tail breaks over natural breaks. 
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Chapter 5 

Conclusion and future research 
 

Based on the aims of this study, which are to show how head/tail breaks captures the hierarchy of data 

from several resolutions of DEMs, and examine advantages and disadvantages of head/tail breaks over 

natural breaks classification scheme, the conclusions of findings can be drawn. Some future works can 

also be pointed out for further study. 

5.1 Conclusion 

Head/tail break, as a new classification method proposed by Jiang in recent years, has demonstrated 

obvious advantages in the classification for heavy-tailed distribution. This study applied head/tail breaks 

to values in DEMs. Five different resolutions ranged from 90m to 1,800m of DEMs from different sources 

are downloaded, through transferred projections and cut boundary, the DEMs for contiguous America are 

obtained. Each of the five DEMs is performed head/tail breaks and natural breaks and finally similar 

comparisons are got. In the result of statistical mappings, head/tail breaks is advantaged over natural 

breaks for its better representation of the reality. In the result table of head/tail breaks, the numbers of 

levels or classes slightly differ from each other. However these all support the previous findings of 

head/tail breaks’ advantages in capturing scaling or hierarchy of data. 

Head/tail breaks classification scheme, with taking mean values as break values, naturally determines the 

number of classes and class intervals. For the comparisons of head/tail breaks and natural breaks, natural 

breaks method performs better when the numbers of classes are big. In other words, when the values in 

top classes of the head/tail breaks are very little, it is better to choose natural breaks rather than head/tail 

breaks for statistical mapping. But when the number of classes reduced to seven, head/tail breaks method 

shows obvious advantages than natural breaks in exhibiting the scaling property of data. In addition, it is 

very easy to reduce the number of classes, just by putting the top classes into one, without recomputing. 

When cross comparing the results of different resolutions, a modifiable areal unit problem arises, which 

could be a reason for the differences of results. The accuracy of data is also considered as another reason. 

For example, when the accuracies get higher, the levels of head/tail breaks get a little bit more. That is to 

say, the higher the resolution or accuracy of values, the more striking the scaling property is. 

Although this study concerns about the methods for data classification, the color scheme is also significant 

for representing statistical mapping. A color scheme from yellow, green to blue was selected at first in this 

study. Thus the high elevation areas were represented in dark blue, which was often used for representing 

water areas. This might confuse the map readers if they are not familiar with the terrain conditions of 

contiguous United State. For elevation representation, a more suitable color scheme, which ranges from 

green, beige, yellow, red to white is selected. 

5.2 Future research 

Based on the finding of scaling property, Jiang and Liu (2012) proposed a novel approach to delineate city 

boundaries. The methods commonly used before to define city boundaries are raster based GIS, such as 

remote sensing. This kind of methods relies on the raster pixel and has imperfect accuracy. The method 
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used in Jiang’s paper is based on head/tail division rule, by clustering smaller blocks to delineate city 

boundaries. Given the street network of cities, smaller blocks (below the mean) whose neighbors are also 

smaller blocks are clustered rely on the spatial autocorrelation. The spatial autocorrelation could be 

explained by Tobler (1970) as what has been described in his paper:  “everything is related to everything 

else, but near things are more related than distant things”. It is also found that the size of the clustered 

blocks exhibits heavy-tailed distribution. By cutting from the mean size value, those clustered groups 

whose sizes are above the mean are so called cities or natural cities. The method wisely utilizes the 

autocorrelation and head/tail division rule, delineate cities boundaries. 

Therefore, the studies on heavy-tailed distribution and head/tail breaks have significant importance. 

Head/tail breaks has been found excellent in capturing the hierarchy of data. One task follows is how to 

apply the findings more into practice. Also, humans may concern about aspect and visibility from DEMs 

as well. Future works will focus on that; hopefully will come up with some practical applications. 
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Appendix A: Generating partial DEM from a whole DEM 

This appendix is aimed at providing a step by step guide to generate partial DEM from a whole DEM in 

ArcMap 10.0. In GIS data analysis, most often we need DEM of a certain country or city. We may not 

want the DEMs of the whole world or continent, which can be directly downloaded from GIS data source 

websites. Therefore we need approaches to clip the DEM so as to focus on the objective area. With a 

partial DEM, spatial analysis could be performed just at certain places. Besides, some DEM data, with 

elevation values in every pixel always tend to be very heavy. Partial DEMs data are easy to be handled in 

software without redundant data which may cause software’s annoying low response speed. 

There are quite many good websites for users to download DEM data. The DEMs used in this tutorial are 

downloaded from USGS EarthExplorer (http://earthexplorer.usgs.gov/). In the webpage, users can draw a 

quadrilateral around the interested area (the contiguous United States for this tutorial) on the world map. 

Next, they should select the data set (choose the data set Digital Elevation > GMTED2010 for this 

tutorial). (Users have to check what data set the wanted data are within according to their requirements, i.e. 

resolution, data acquirement method or latitude and longitude range.) By clicking the Result button, the 

DEM could be downloaded (user may need to register an account if they don’t have one). Finally a piece 

(or several adjacent pieces, depending on the select range) of DEM would be downloaded. 

The reminder of this tutorial follows as these steps: mosaic several DEMs, transfer map projection and 

crop boundary. Please make sure that you understand the logic behind the steps so as to flexibly use this 

tutorial. You can skip some steps in accordance with your specific conditions. For example, you can skip 

“Mosaic several DEMs” part if your DEM is downloaded as one piece already; you can skip “Transfer 

map projection” part if your DEM has already been projected in an appropriate way. 

Mosaic several DEMs 

1. Start ArcGIS 10 and import the downloaded DEM data. Click the button Add Data, add all pieces 

of DEMs. 

 

2. Five layers are added to the window. Click the Full Extent button to view all the pieces 

connected with each other.  

 

3. Click the Search Window button , in the Tools tab type in “mosaic to new raster”, and select 

the tool. 

 

 

1 

2 
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4. The Mosaic To New Raster window appears. Input the five DEMs by selecting the drop-down 

arrow, locate the output to your database and name it. In the Pixel Type, select 16_BIT_SIGNED, 

because each of the five DEMs values is from -32767 to 32767. Type Number of Bands as 1, as 

same as the input rasters (You can check that by having a look at the layer properties of your 

DEMs). Click OK. 

 
 

5. The mosaic_5DEMS layer is automatically added to the window. Now the five pieces DEMs are 

mosaicked to one piece. 
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Transfer map projection 

The map projection of the mosaicked DEM is WGS_1984. A transformation is needed depending on your 

purpose. In this case, we need to transfer the projection to 

USA_CONTIGUOUS_ALBERS_Equal_Area_Conic_USGS_Version. 

1. In the Search window, type in “project raster” in Tools tab and select the tool. In the Project 

Raster window, select the input raster, and the output raster dataset is automatically defined. 

 

 

2. Select the button beside the Output Coordinate System, click Select…, and then browse to the 

target projection. Click Add. Click Apply, OK. 

 

 
3. In the Geographic Transformation, select as follows. Then click OK. Now the projection is 

transferred. 

 

Crop boundary 

1. Click Add data button  and select the USA border shapefile USborder. 

2. In the search window, type in “extract by mask” and select it. 
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3. Select input raster as mosaic_5DEMs_PR, and input raster or feature mask data as USborder, set 

output raster and select OK. 
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Appendix B: Head/tail breaks classification for DEM 

This tutorial is aimed at providing a step by step guide to perform head/tail breaks for elevation values in 

DEM. Head/tail breaks is to divide all values that exhibit a heavy-tailed distribution into two classes, the 

majority in tail and minority in head with a mean value, and continue to divide the head of last level using 

the new mean value, iteratively, until the tail is no longer major than the head. Heavy-tailed distribution is 

commonly characterized by a power law, a lognormal or an exponential function. The head/tail breaks 

method is determined naturally and could reflect the hierarchy of the data. Therefore it is considered more 

natural than natural breaks, in which values are divided by maximize the interval between classes and 

minimize within classes. 

The DEM used here is 15-arcsec (about 500m) resolution downloaded from USGS EarthExplorer 

(http://earthexplorer.usgs.gov/). Steps on how to download the DEM from this website could be found in 

Appendix A: Performing head/tail breaks classification for elevation values in DEM. Because the 

downloaded DEM data contain large amounts of pixels around North America, for conveniently 

describing the steps, in this appendix a small area is chosen from them (see figure below). The histogram 

shows how the data are distributed according to elevation value and count. The area has totally 300 pixels 

(15 columns ×20 rows). The data are extracted from ArcMap 10.0, and exported to Excel, because of 

Excel’s excellent performance in computation.  

 

 

The reminder of this tutorial follows these steps: 1) export data; 2) open the table in Excel; 3) preparing 

and arranging the table; and 4) Head/tail breaks (level 1 and level 2). Please make sure that you 

understand the logic behind the steps so as to flexibly use this tutorial. Here I only provide steps for doing 

head/tail breaks for level 1 and level 2. You can compute the following levels in the same way by 

yourselves. The final classification result is given in the end for reference.  

Export Data 

1. Right click at your DEM, and choose Open Attribute Table. In the Attribute Table, click the drop-

down arrow beside the Table Options.  
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2. Click Export, and the Export Data window pops up.  Make sure All records are exported. You can 

also rename the table as you want. Click OK. 

 
 

3. Click No for the dialog Do you want to add the new table to the current map, since we are going 

to do head/tail breaks with the help of Excel later on.   

 

Open the table in Excel 

1. Open Microsoft Excel 2010, Click File>Open and browse to your exported table. Select it and 

click Open. 

 

2. Click Save button , and OK for a Warning dialog. Rename the table or just keep it the same 

name. Click Save. In this way the DBF file will be saved into an Excel Worksheet file. 

1 
 2 

 1 

 3 
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Preparing and arranging the table 

1. Add one column D, and type “V*C” in the first row. In the second row of column D (D2) type in 

“=B2*C2”. Press Enter and the result is 959. This V*C value here stands for the total elevation of 

all pixels in a same elevation. 

 
 

2. Put the mouse near the lower right corner of D2. When it becomes a solid cross, drop it down to 

the last row of all the data (D243 in this case). 

 

 
3. Arrange the table according to the figure below. In F2, type in “ =Average(D2:D243)” to calculus 

the average height. Levels means how many levels the data are cut. H-range is the height range. 

Count means how many pixels are there in the certain H-range. V*C is the total height of the 

pixels in certain H-range.  V*C divided by Count gives a Mean value where the next cut will 

happen. With this Mean value, you can calculate how many pixels (or percentage) are there in 

head/ tail. 
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Head/tail breaks (Level 1) 

1. The first cut (Level 1) will be in the height range 959-1685. Pixel Count is the sum of C2 to C243. 

V*C is the sum of D2 to D243. Then the Mean could be calculated by J2/I2 = 1257.6 ≈1258.  

 

 
 

2. With checking 1258 in the B column, we can find there are no 1258. We should choose one from 

the nearby values 1257 (in B121) and 1259 (in B122). Because |m|≤1259, we choose 1259. So the 

cut place is B122. All elevations lager than or equal to 1259 are considered as the head part, while 

all elevations smaller than 1259 are the tail part. 

 
 

3. Type “=SUM(C122:C243)” in L2. Type “=L2/I2” in M2, which calculates the percentage of the 

head. Type “=SUM(C2:C121)” in N2. Type “=N2/I2” in O2, which calculates the percentage of 

the tail. 

 
 

4. Check if the sum of In head % and In tail % is 100%. And also remember to check the former 

steps from time to time. Because any small mistake may affect the results. 

 

 

Because the percentage of head (47%) is smaller than the percentage of tail (53%), another cut can be 

made. 

Head/tail breaks (Level 2) 

1. The Height Range is the head part we get from level 1, which is from 1258 to 1685. The Count is 

the sum of C122 to C243. The V*C is the sum of D122 to D243. In the Mean column you can 

easily drop down the lower-right cross of K2, then “=J3/I3” automatically appears and you don’t 

need to retype the same formula.  
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2. The Mean value of level 2 is 1410.4, which is approximately equal to 1410. Search the value 1410 

in B column, and you can find there are again no this value. Choose 1412 (In B188) instead. 

 

 

3. Same as the previous steps, the formulas are shown in the below figure. 

 
 

4. Check if the In head % + In tail % = 100%. Check if In head % < In tail %, so as to decide 

whether to continue cut or not. In this case, cut can be continued. 

 

Continue to do this process until “In head %” is no longer less than “In tail %”. In this case, we have 5 

classes and made 4 cuts until 54.5% ≥45.5%. Up to now, you have learned how to perform head/tail 

breaks for elevation data in Excel. It’s very fast to compute sum and average in Excel. If you have other 

methods which are more convenient than this, please let me know. 
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Appendix C: Additional results from the study 

Head/tail breaks classification tables in five resolution DEMs are displayed in this section. As 1,800 m is 

displayed in the case study (section 2.4), the head/tail breaks tables of other four resolutions’ heights (90 

m, 250 m, 500 m and 1,000 m) and five resolutions’ depths (90 m, 250 m, 500 m, 1,000 m, and 1,800 m) 

are shown below. The comparisons of natural breaks and head/tail breaks are also displayed with 

mappings and histograms. 

Heights 

Twenty levels of heights values in Contiguous America from 90 m resolution DEM: 

Levels H-range (m) Count Mean (m) In head In head % In tail In tail % 

1 0-4405 896623757 789.1 342672630 38.2% 554239000 61.8% 

2 789-4405 342672630 1583.5 151682969 44.3% 190989661 55.7% 

3 1584-4405 151682969 2088.6 60845555 40.1% 90837414 59.9% 

4 2089-4405 60845555 2490.7 23231490 38.2% 37614065 61.8% 

5 2491-4405 23231490 2869.2 9361109 40.3% 13870381 59.7% 

6 2869-4405 9361109 3187.8 3879885 41.4% 5481224 58.6% 

7 3188-4405 3879885 3438.3 1643240 42.4% 2236645 57.6% 

8 3438-4405 1643240 3627.0 685143 41.7% 958097 58.3% 

9 3627-4405 685143 3771.2 281690 41.1% 403453 58.9% 

10 3771-4405 281690 3886.2 113816 40.4% 167874 59.6% 

11 3886-4405 113816 3981.3 46083 40.5% 67733 59.5% 

12 3981-4405 46083 4060.9 18430 40.0% 27653 60.0% 

13 4061-4405 18430 4128.9 7319 39.7% 11111 60.3% 

14 4129-4405 7319 4188.3 2973 40.6% 4346 59.4% 

15 4188-4405 2973 4237.9 1225 41.2% 1748 58.8% 

16 4238-4405 1225 4278.2 524 42.8% 701 57.2% 

17 4278-4405 524 4308.9 208 39.7% 316 60.3% 

18 4309-4405 208 4335.7 90 43.3% 118 56.7% 

19 4336-4405 90 4356.4 40 44.4% 50 55.6% 

20 4356-4405 40 4371.7 16 40.0% 24 60.0% 
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Classification mappings and histograms of twenty-one classes using (a) Jenks’s natural breaks, and (b) 

head/tail breaks: 

    
(a)                                                                                   (b)  

    

Classification mappings and histograms of seven classes using (a) Jenks’s natural breaks, and (b) head/tail 

breaks: 

  
 (a)                                                                            (b)  
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Nineteen levels of heights values in Contiguous America from 250 m resolution DEM: 

Levels H-range (m) Count Mean (m) In head In head % In tail In tail % 

1 0-4372 110795368 788.0 42323675 38.2% 68471693 61.8% 

2 788-4372 42323675 1582.8 18747634 44.3% 23576041 55.7% 

3 1583-4372 18747634 2087.8 7525375 40.1% 11222259 59.9% 

4 2088-4372 7525375 2489.6 2872356 38.2% 4653019 61.8% 

5 2490-4372 2872356 2868.2 1157580 40.3% 1714776 59.7% 

6 2868-4372 1157580 3186.7 479803 41.4% 677777 58.6% 

7 3187-4372 479803 3437.0 202981 42.3% 276822 57.7% 

8 3437-4372 202981 3625.4 85033 41.9% 117948 58.1% 

9 3625-4372 85033 3768.2 35106 41.3% 49927 58.7% 

10 3768-4372 35106 3881.7 14158 40.3% 20948 59.7% 

11 3882-4372 14158 3975.9 5657 40.0% 8501 60.0% 

12 3976-4372 5657 4056.2 2258 39.9% 3399 60.1% 

13 4056-4372 2258 4124.2 875 38.8% 1383 61.2% 

14 4124-4372 875 4184.2 354 40.5% 521 59.5% 

15 4184-4372 354 4234.8 150 42.4% 204 57.6% 

16 4235-4372 150 4273.8 68 45.3% 82 54.7% 

17 4274-4372 68 4300.1 26 38.2% 42 61.8% 

18 4300-4372 26 4321.9 9 34.6% 17 65.4% 

19 4322-4372 9 4347.8 4 44.4% 5 55.6% 

Classification mappings and histograms of twenty classes using (a) Jenks’s natural breaks, and (b) 

head/tail breaks: 

  

    (a)                                                                                        (b)  
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Classification mappings and histograms of seven classes using (a) Jenks’s natural breaks, and (b) head/tail 

breaks: 

    

    (a)                                                                              (b)  
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Eighteen levels of heights values in Contiguous America from 500 m resolution DEM 

Levels H-range (m) Count Mean (m) In head In head % In tail In tail % 

1 0-4352 28714159 788.05 10968664 38.2% 17745495 61.8% 

2 788-4352 10968664 1582.78 4858812 44.3% 6109852 55.7% 

3 1583-4352 4858812 2087.59 1950122 40.1% 2908690 59.9% 

4 2088-4352 1950122 2489.20 744900 38.2% 1205222 61.8% 

5 2489-4352 744900 2867.22 300623 40.4% 444277 59.6% 

6 2867-4352 300623 3185.08 124806 41.5% 175817 58.5% 

7 3185-4352 124806 3434.61 52919 42.4% 71887 57.6% 

8 3435-4352 52919 3622.15 22200 42.0% 30719 58.0% 

9 3622-4352 22200 3763.63 9186 41.4% 13014 58.6% 

10 3764-4352 9186 3874.27 3736 40.7% 5450 59.3% 

11 3874-4352 3736 3964.90 1477 39.5% 2259 60.5% 

12 3965-4352 1477 4042.54 603 40.8% 874 59.2% 

13 4043-4352 603 4104.99 237 39.3% 366 60.7% 

14 4105-4352 237 4161.73 103 43.5% 134 56.5% 

15 4162-4352 103 4205.81 43 41.7% 60 58.3% 

16 4206-4352 43 4238.58 14 32.6% 29 67.4% 

17 4239-4352 14 4272.79 6 42.9% 8 57.1% 

18 4273-4352 6 4299.67 2 33.3% 4 66.7% 

Classification mappings and histograms of nineteen classes using (a) Jenks’s natural breaks, and (b) 

head/tail breaks: 

   

    (a)                                                                                        (b)  
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Classification mappings and histograms of seven classes using (a) Jenks’s natural breaks, and (b) head/tail 

breaks: 

    

    (a)                                                                                     (b)  
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Seventeen levels of heights values in Contiguous America from 1,000 m resolution DEM 

Levels H-range (m) Count Mean (m) In head In head % In tail In tail % 

1 0-4302 11728512 796.74 4499687 38.4% 7228825 61.6% 

2 797-4302 4499687 1584.68 1988193 44.2% 2511494 55.8% 

3 1585-4302 1988193 2087.83 799387 40.2% 1188806 59.8% 

4 2088-4302 799387 2487.32 306087 38.3% 493300 61.7% 

5 2487-4302 306087 2862.25 123542 40.4% 182545 59.6% 

6 2862-4302 123542 3177.62 51303 41.5% 72239 58.5% 

7 3178-4302 51303 3425.22 20975 40.9% 30328 59.1% 

8 3425-4302 20975 3617.10 8885 42.4% 12090 57.6% 

9 3617-4302 8885 3752.49 3685 41.5% 5200 58.5% 

10 3752-4302 3685 3857.97 1487 40.4% 2198 59.6% 

11 3858-4302 1487 3943.99 606 40.8% 881 59.2% 

12 3944-4302 606 4014.23 235 38.8% 371 61.2% 

13 4014-4247 235 4078.94 92 39.1% 143 60.9% 

14 4079-4302 92 4137.78 39 42.4% 53 57.6% 

15 4138-4302 39 4181.74 16 41.0% 23 59.0% 

16 4182-4302 16 4219.13 7 43.8% 9 56.3% 

17 4219-4302 7 4249.57 2 28.6% 5 71.4% 

Classification mappings and histograms of eighteen classes using (a) Jenks’s natural breaks, and (b) 

head/tail breaks: 

    

                                    (a)                                                                               (b)  
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Classification mappings and histograms of seven classes using (a) Jenks’s natural breaks, and (b) head/tail 

breaks: 

    

(a)                                                                                 (b) 
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Depths 

Although this study focuses on height classification, some depths values are shown below for interest. As 

can be seen below, most of them have only one level. Thus depths values don’t show much scaling 

property. That is also why head/tail breaks should not be applied to depths values. 

One level of depths values of Contiguous America in 90 m resolution DEM 

Levels H-range (m) Count Mean (m) In head In head % In tail In tail % 

1 -112-0 2290843 -12.0 524136 22.9% 1766707 77.1% 

 

One level of depths values of Contiguous America in 250 m resolution DEM 

Levels H-range (m) Count Mean (m) In head In head % In tail In tail % 

1 -91-0 283641 -10.7 60748 21.4% 222893 78.6% 

 

One level of depths values of Contiguous America in 500 m resolution DEM 

Levels H-range (m) Count Mean (m) In head In head % In tail In tail% 

1 -82-0 80059 -9.82 16037 20.0% 64022 80.0% 

 

One level of depths values of Contiguous America in 1,000 m resolution DEM 

Levels H-range (m) Count Mean (m) In head In head % In tail In tail % 

1 -105-0 21065 -15.85 5643 26.8% 15422 73.2% 

 

Three levels of depths values of Contiguous America in 1,800 m resolution DEM 

Levels H-range (m) Count Mean (m) In head In head % In tail In tail % 

1 -204-0 11195 -9.0 1986 17.7% 9209 82.3% 

2 -204-(-9) 1986 -43.6 854 43.0% 1132 57.0% 

3 -204-(-44) 854 -73.1 208 24.4% 646 75.6% 

 

 

 




