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Abstract  

 
The wavelet transform technique has been frequently used in time-frequency analysis as a 

relatively new concept. Compared to the traditional technique Short-time Fourier Transform 

(STFT), which is theoretically based on the Fourier transform, the wavelet transform has its 

advantage on better locality in time and frequency domain, but not significant as the solutions 

in spectrum. Wavelet transform has dynamic ‘window functions’ to represent time-frequency 

positions of raw signals, and can get better resolutions in time-frequency analysis. In this 

report, we shall first briefly introduce fuzzy sets and related concepts. And then we will 

evaluate their similarities and differences by not only the theoretic comparisons between 

STFT and wavelet transform, but also the process of the de-nosing to a noisy recorded signal.  
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1 Introduction 

 

1.1 Background 

 

   In our daily lives, most things that we perceive directly (signals, images, velocity of a fluid, 

etc.) are represented by functions in space or time. In many cases, however, it is more 

meaningful to look at functions’ frequencies. For example, sound is given by air pressure as a 

function of time. But for de-noising the high-frequency noises, it’s necessary for engineers to 

read the information in frequency domain for picking up a suitable filter. 

 

   The time-frequency analysis was first introduced by the French mathematician Jean Baptiste 

Fourier (1768-1830) in the early nineteenth which is known as Fourier Transform.  After that, 

with the development of the time-frequency analysis technique, Dennis Gabor came up with 

the idea of short-time Fourier transform (STFT) in 1946. And at the last 20 years, the wavelet 

transform has become to the main stream of time-frequency analysis [1]. 

 

Nowadays, both of the STFT and the wavelet transform technique are used for signal 

processing and analysis. But, wavelet transform is also used for image processing, speech and 

image encoding, voice recognition and so on. 

 

In order to understand how wavelet transform and STFT works, their differences in the 

time-frequency analysis processes, and how do they work as de-noising systems. This report 

will expound through both the theoretical and the application parts of descriptions. 

 

1.2 History of transforms 

 

In the history of time-frequency analysis, Fourier transform has the epoch-making 

significance. Since the time it came up, a new chapter of the time-frequency analysis started. 

In theory, Fourier transform is used to be a tool to convert a signal expressed from time 

domain to frequency domain. It helps to represent any periodic functions as an infinite sum of 

periodic complex exponential functions [2].  The equation of a Continuous Fourier Transform 

(CFT) is shown as below.   

 

 

 
𝑓(ω) = ∫ 𝑓(𝑡)𝑒−𝑖ω𝑡𝑑𝑡

∞

−∞

 
(1) 

 

In equation (1), 𝑓(𝑡) is a time domain signal,  𝑓 is the Fourier transform of an integrable 

function  , 𝜔 is the value of the angular frequency, 𝑖 is the imaginary number. 

 

To compute the𝑓(ω), it’s needed to integrate 𝑓(𝑡) over all time. Mathematically, due to both 

sine waves and cosine waves are significant in the whole time domain, so Fourier transform is 

available at any given time. This means that during the whole intervals, Fourier transform 

cannot provide simultaneous time, frequency localization and the Fourier coefficients 

(amplitude) which are depended on the behavior of the function [3]. 
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With the development of the time-frequency analysis technique, a local scheme for a time-

frequency representation was invented as Short-time Fourier Transform (STFT). It was based 

on Fourier transform and the function is defined as below:  

 

 

 

 
𝑆𝑇𝐹𝑇{𝑓(𝑡)}(𝜏, ω) = 𝑓(𝜏, ω) = ∫ 𝑓(𝑡)𝑊(𝑡 − 𝜏)𝑒−𝑖ω𝑡𝑑𝑡

∞

−∞

 

 

(2) 

  
 

 

In equation (2), the W(t) is the window function. 𝑓(𝜏, 𝜔) is essentially the fourier transform of 

𝑓(𝑡)𝑊(𝑡 − 𝜏), an interval of the original signal which is segmented by window function. 

 

 

Compare equation (2) with the equation (1), we can find out that the STFT can get the time 

localization by first windowing the signal, so as to cut off only a well-localized slice of signal, 

and doing the Fourier transform of each segments. 

 

 

To segment signals into narrow intervals, we use ‘window function’ as a tool to chop off. 

From equation (2), we can get that no matter which bands of frequency they have, the window 

function  𝑊(𝑡 − 𝜏)  always has the same window length 𝜏. So during the whole procedure of 

STFT, the length of window function doesn’t change. Because of that, choosing a suitable 

window functions length is very important in STFT. 

 

 

Even through STFT can provide simultaneous time and frequency localization, it is still 

limited by using the sine and cosines to represent the signals. Because of sine and cosine 

functions have the same amplitude in the whole infinity time domains, they have infinity 

energy which distribute averagely with time. Imagine if we can use a group of waves which 

have concentrated energy around one time point to present signals, we might get better time 

resolutions. That’s where the idea of wavelet transforms [4]. 

 

 

Wavelet transform provides a tool for both time –frequency localization and description, and 

it can be expressed as the equation below: 

 

 

 

𝑊(𝑎, 𝑏) = ∫ 𝑥(𝑡)
1

√𝑎

∞

−∞

𝛹(
𝑡 − 𝑏

𝑎
)𝑑𝑡 

 

(3) 

 

In equation (3), 𝛹𝑎,𝑏 is called ‘wavelet’ and the function 𝛹 is called ‘mother wavelet’. The 

two labels 𝑎 and 𝑏 is called binary dilation and binary position. 

 

Compared with the equation of Fourier transform, it can be found that the basis of wavelet 

transform has changed to a group of functions that connected by two labels:  𝑎 , 𝑏 . Actually, 

the basic idea for both Fourier transform and wavelet transform is to analyze how similar the 
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original signals compare to their basic. For Fourier transform it makes signals compared the 

groups of sine and cosines, and for wavelet transform, it takes the inner products of signal 

with a family of functions that indexed by two labels 𝑎 and 𝑏. The label 𝑎 is connected with 

dilation and 𝑏 is translation of the wavelet. The basic functions are so consist of a set of 

dilated and translated mother wavelets. 

 

2 Properties of each transform 

The principle of wavelet transform and STFT dates back to Joseph Fourier, but the most of 

the progressing was developed since 1980’s. What is the connections among these transforms 

and what did STFT and wavelet transform be developed from Fourier transform? In this 

chapter, a review of basic properties of each transform will be given. 

 

 

2.1 Fourier Transform 

 

Even though this thesis is focused on comparing STFT and wavelet transform, but still, the 

basic theory of Short-time Fourier Transform is relied on the Fourier transform, and Fourier 

transform is crucial to understand how STFT works. So, in this part of thesis, we just focus on 

the limitations of Fourier Transform. 

 

Here is an example for two signals and their spectral analyses (FFT), Fig 1 is the presentation 

of two signal that both sine waves with frequency 25Hz and 50Hz happen at the same time. 

Fig 2 is a step-change signal that changes its frequency from 25Hz to 50Hz at the middle of 

the time.  

 

 

 
 

Figur 1 Superimposed sine wave signal and its Fourier transform 
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Figur 2 Step sine wave signal and its Fourier transform 

                                                                                                                                 

 

 

Look through the examples, these two completely different original signals obtain the similar 

spectral analyses. In Fig1 and Fig2, it can be seen that peaks happen on the same frequencies 

which mean they have the same frequency contents, but obviously, Fourier transform cannot 

recognize the difference between two signals that many different contents happened at the 

same time or at the different times. We can’t estimate the original signals through the results 

of Fourier transform in non-stationary signals (Stationary signals are signals which frequency 

contents are stable and don’t depend on time, non-stationary signals are the opposite of them). 

 

 

Also these two things can be notice from the examples: first, in those diagrams, the sizes of 

the peaks (values of amplitude) related to how long the frequency contents exist on the time 

domain, and that’s why the value of amplitude in the Fig1 is double than it in Fig2. The 

second thing is that the little ripples in the Fourier transform in Fig2 is caused by the sudden 

changes of frequency in the original signals, when the frequency change its values to another 

step, it causes the changes of the average frequencies in the short time intervals, therefor some 

of the spectral analyses values is around the actual value. 

 

 

Summary of the Fourier transform’s limitations are first Fourier transform cannot provide 

simultaneous time and frequency localization. Second the process of spectral analysis is 

irreversible to the non-stationary signals. The last, Fourier transform are ideal for analyzing 

periodic signals, since the harmonic modes used in the expansions are themselves periodic. 
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2.2 Short-Time Fourier Transform 

 

The STFT uses FFT to analyses signal in small contents, which is achieved by dividing a 

signal into short consecutive segments and then computing the Fourier coefficient of each 

segment [5]. But still, it is a compromise between the time resolution and frequency 

resolution during the procedure. Whether imprecise the time or the frequency representation, 

is determined by the window size. 

 
Figur 3 Time-frequency resolution diagrams of Fourier transform and STFT 

   

As shows in Fig 3, the Fourier transform can represent the frequency localization, but lost all 

information in time domain. The short-time Fourier transform, as an evolved scheme of 

Fourier transform, has equal-length intervals in the time domain. And also, as shown in the 

figure, the segments of time intervals are not affected by the value of frequencies. 

 

 

Since the size of the segments should be equal, it becomes difficult to choose a suitable size 

of the window function for whole signal. STFT has its limit to analyze the signals with low 

frequencies, because of low-frequency signals take a long time interval to get the whole shape 

of one period, and if the length of window function cannot cover the whole period, it cannot 

get significance to estimate the wave-shape of whole period [6].   

 

 

These issues cannot be fixed by simply expand the length of window functions. Therefore as 

the frequency of analyzed signal decreases, the length of the window function need to keep 

expanding until it approaches infinite. Which means no information of time-domain anymore, 

and it’s going to be just like result of the Fourier transform.  
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Figur 4  The relationship between time and frequency resolutions in STFT 

 

As shown Fig 4 , we can get a better time resolution by expanding the window length, but at 

the same time the frequency resolution get worse. On the other hand, if we want to get a better 

frequency, the time resolution needed to be sacrificed. 

 

About the window function, we can start with the principle of Gabor transform. STFT was 

developed in 1946 by Denis Gabor [7] and his STFT version which was called the Gabor 

transform is a special case of short-time Fourier transform that uses the Gaussian function as 

its window function. In this part, Gabor transform used to be the example of STFT. 

  

The definition of Gabor transforms: 

 

 

 
(𝐺𝑓)(𝜔, 𝜏) = 𝐺𝑓(𝜔, 𝜏) = 𝐹[𝑓(𝑡)𝑔(𝑡 − 𝜏)] = ∫𝑓(𝑡)𝑔(𝑡 − 𝜏) 𝑒

−𝑖𝜔𝑡𝑑𝑡         𝜔, 𝜏 ∈ 𝑅 

 

(4) 

 

Where  g(t − τ) is the Gabor window function with window length  τ . (Gf)(ω, τ) is the 

fourier transform to f(t)g(t − τ), a slice of  f(t) which is chopped off by Gabor window 

function. 

 

For the Gabor window function, it needs to be defined by the equation (5) as below: 

 

 

 

 
𝑔(𝑡 − 𝜏) = 𝑔𝑎(𝑡 − 𝜏) =

1

2√𝜋𝑎
𝑒
(𝑡−𝜏)2

4𝑎       𝑎 > 0, 𝜏 ∈ 𝑅 

 

(5) 

 

 

From equation (5), in the basic of Gabor transform, the value a  gets its evaluation in (0, ∞), 

but the evaluations of ‘τ’ and ‘𝜔’ vary in (-∞, ∞), the different values of τ and ω generate 

windows with different sizes [8]. 
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Due to the definition of Gabor window function, the center time & frequency and time & 

frequency range can be presented as equation (6) below: 

 

 

 𝑡0 = 𝜏𝑟 , ∆𝑡0 = √𝑎 

𝜔0 = 𝜔𝑠 , ∆𝜔0 =
1

2√𝑎
  

 

(6) 

 

The window size of Gabor transform is so as: 

 

 

 
[𝜏𝑟 − √𝑎 , 𝜏𝑟 + √𝑎] × [𝜔𝑠 −

1

2√𝑎
 , 𝜔𝑠 +

1

2√𝑎
] 

 

(7) 

 

 

In equation (6) and equation (7), 𝑡0 and 𝜔0 is the center time and center frequency value. 

∆𝑡0 and ∆𝜔0 is the time range and the frequency range. 

 

 

The area of the window function is equal to 2, and the shape of it is depended on the value 

of 𝑎 . With the increase of a, the length in time-domain increases, the length in frequency-

domain decreases, the time resolution gets worse, the frequency resolution becomes  better.  

 

All in all, the smaller the window used, the better quickly changing components are picked 

up, but slowly changing details are detected very well. If a larger window is used, lower 

frequencies may be detected, but localization in time becomes worse [9]. 

 

 

Summary of the STFT is first STFT is a standard technique for time-frequency localization, 

and partly solved the problem that the Fourier transform cannot get the time localization. And 

then the STFT is not ’Automatic’, one need to definite the lengths of window functions 

depends on different situations. Different ways to chopping up the signal may the different 

analysis. 

 

 

2.3 Wavelet Transform 

 

2.3.1 Continuous Wavelet Transform 

 

The wavelet transforms presents an improvement over the STFT because it has great 

resolutions in both time and frequency domain. Wavelet transform represents signals with 

energy-concentrated basic functions instead of invariable sized window functions which used 

in STFT. Wavelet transform has the dynamic segments by comparing with short-time Fourier 

transform, as the image below. 
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Figur 5 Time-frequency resolution diagrams of wavelet transform and STFT 

 

There’s an interesting way to image wavelet transform to a microscope, the changes of the 

label  𝑎  is like to adjust the lens to zoom in or zoom out the object, the changes of  𝑏  helps 

the lens moves from left to right. 

 

It is also important to be noticed in the wavelet transform’s picture in Fig 5, the area sizes of 

the dynamic segments are equal. It depends on uncertainty principle as described below: 

 

Assume the window function is  g(t), after Fourier transformed we get function  ĝ(ω), the 

radius for time-domain and for the frequency-domain need to meet equation (8): 

 

 

 
∆t0ω0 ≥ 

1

2
 

 

(8) 

 

This principle indicate that with the gain of the quality for time resolution, the quality of 

frequency resolution must decreases, in the opposite,  qualities of frequency resolutions must 

decreases with the time resolution become better. 

 

The principle proves either wavelet transform or STFT can only resolve the information of 

which frequency band on which time interval, instead of which frequency lies on which time 

point. 

 

For wavelet, it is a local function in both time domain and frequency domain, thus it can also 

definite as a window function. To describe the degree of localization, the center time & 

frequency and time & frequency range ensured as equation (9) and equation (10) below: 
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𝑡0 =

∫ 𝑡|𝛹(𝑡)|2𝑑𝑡
∞

−∞

∫ |𝛹(𝑡)|2𝑑𝑡
∞

−∞ 𝑟

  

 

 ∆𝑡𝛹 = √
∫ (𝑡 − 𝑡0)2|𝛹(𝑡)|2𝑑𝑡
∞

−∞

∫ |𝛹(𝑡)|2
∞

−∞
𝑑𝑡

 

 

(9) 

 

 
𝜔0 =

∫ 𝜔|𝛹(𝑡)|2𝑑𝜔
∞

−∞

∫ |𝛹(𝑡)|2
∞

−∞
𝑑𝜔

𝑟

 

 

 ∆𝜔𝛹 = √
∫ (𝜔 − 𝜔0)2|𝛹(𝜔)|2𝑑𝜔
∞

−∞

∫ |𝛹(𝜔)|2
∞

−∞
𝑑𝜔

 

 

(10) 

 

 

In equation (9) and equation (10), the value of  𝑡0 and 𝜔0 is the center time and center 

frequency value.   ∆𝑡𝛹  and  ∆𝜔𝛹 is the time range and frequency range of wavelet 

transform[10]. 

 

With the increasing of value  𝑎 , we can get better time resolution but worse frequency 

resolution.  Thus, with the increase of the value  𝑎 , the resolutions in time-frequency domain 

changes. This property is called ‘zoom’ of wavelet, therefor the window functions of wavelet 

can be dynamic in time-frequency analysis. Higher frequencies are better resolved in time and 

lower frequencies are better resolved in frequency [10]. 

 

Summary of the wavelet transform is first wavelet transform provides a proper description of 

time-frequency analysis. Second is that wavelet transform has the basic function with dilated 

and translated mother wavelet which controlled by two labels 𝑎 and 𝑏. 

 

 

2.3.2 Discrete Wavelet Transform 

 

Needless to say, a discrete wavelet transform (DWT) is wavelet transform which have 

discretely sampled wavelets. The technique was developed by M.Frazier and B.Jawerth[11]. It 

allows functions in a large class of spaces besides just 𝐿2(𝑅) to be analyzed, where 𝐿2(𝑅) is 

the space for mother wavelet. 

 

The calculation of DWT is achieved by letting the signal passing through a series filters. The 

filter series has both high-pass and low-pass filters which are known as quadrature mirror 

filter [12]. The high-pass filter output provides the detail coefficient while the low-pass filter 

provides an approximation coefficient in one level of transform. 

 

In our paper, we only focus on the principle of CWT. 
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2.4 Analysis functions comparison between Fourier transform and wavelet transform 

 

 

In the wavelet transform, the mother wavelet is a square-integrable function, 𝛹(𝑡) ∈ 𝐿2(𝑅), 
and it meet the condition: 

 

 

 
∫

|�̂�(𝜔)|

𝜔

+∞

−∞

𝑑𝜔 < ∞ 

 

(11) 

 

 

In the equation (11),   �̂�(𝜔) is the Fourier transform of mother wavelet. The mother wavelet 

can be derived the whole group of basic functions by dilating and translating itself. Due to in 

the definition of wavelet, it has both the dyadic dilation  𝑎 and the dyadic position 𝑏, wavelet 

transform can get good resolutions in both time-domain and frequency-domain. 

 

The equation(11) can be the key to find out the flexibility of the wavelet transform. 

 

For getting the locality of  𝛹(𝑡), i.e. let wavelet have a fast attenuation beyond the limited 

interval. Mother wavelets have to satisfy the following condition: 

 

 

 |𝛹(𝑡)| ≤  
𝑐

(1 + |𝑡|1+𝜀)
  𝜀 > 0, 𝑐 > 0, 𝑐 ∈ 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡  

 

(12) 

 

 

The equation definite that when   𝑡 → ±∞, the attenuation of |𝛹(𝑡)| is faster than 1/|𝑡|, the 

attenuation condition give wavelet the locality.In the Fourier transform, the basic functions 

are trigonometric function whose shapes are infinity in time-domain and the energy is average 

in each time position. 

 

 

Compared with characteristics of wavelet and trigonometric functions, it can be found that 

wavelet can represent non-stationary better than Fourier transform. Since representation of 

characteristics at any point in the signal changes the whole spectrum of Fourier transform. But 

for the wavelet transform, the affection of spectrum-changes is more concentrated around the 

described time point. 

 

 

3 Performances on representing signals of wavelet transform and STFT 

 

In this section of thesis, a more intuitive comparison between STFT and wavelet transform 

will be given. Using the plotting tools in Matlab, we can get the mesh diagrams of the 

transformed signals from STFT (which has a window function length of 25ms in our 

program) and wavelet transform. 
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3.1 Performance on step change signals 

 

A quartered original signal in created by Matlab as Fig.8. The first and last quarter of the 

original signal is DC current, the first step happens in the second quarter with frequency 20 

Hz and second step happens in third quarter with 60Hz of frequency. 

 

 
Figur 6 A two-step signal with 20Hz and 60Hz contents which happens between 0,5s to 1s and between 1s to 1,5s 

 

The length of the STFT windows should be noticed carefully, in our case the window length 

are equal to 25ms, which in the Matlab code is equal to 200. 

 

In Fig7 below, both the STFT and wavelet transform diagrams have three axis, which provide 

time, frequency and Spectrum information. It can be easily found from Fig7 that wavelet 

transform has a more smoothly solution with plot. For STFT, the spectrum peak is cut off by 

window functions, the curve of peaks is constructed by many straight lines. But for wavelet 

transform’s result, the curve of the peaks are fluency without any turning point.  

 

 
Figur 7 Comparison between STFT's and wavelet transform’s performances about the step signal, which is achieved 

by Matlab mesh plot function 
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While STFT and wavelet transform both perform well with the time axis and frequency axis, 

the STFT adheres more closely with the theoretical spectrum values. Because of the lateral 

view in frequency-Spectrum domain of Fig7 should be same as the Fourier transform result in 

Fig8 as below. The height of the peak should be theoretically equal.  

 

 
Figur 8 The FFT diagram of the two-step signal form Fig7 

3.2 Performance on chirp signal 

 

In this section, we repeat the previous process with a chirp signal. The chirp signal relies on 

time-amplitude domain is shown in fig9, with the time going the frequency of signal 

increases, and the amplitude value don’t have a significant changing. 

From the spectrum results in fig10, the conclusion we got in last section has been proved 

again, the STFT has the better performance with the spectrum representing but worse 

resolution with time and frequency representation.  

 

Figur 9 The time-amplitude domain diagram of a chirp signal 
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Figur 10 Comparison between STFT's and wavelet transform’s performances about the chirp signal, which is 

achieved by Matlab mesh plot function 

 

4 Comparison between STFT and wavelet transform on de-noising application 

In this chapter, we are going to compare STFT and wavelet transform on application by de-

noising a noisy signal which is recorded by us. This chapter is organized that the noise 

function concepts and wavelet de-noising principle will be given in the first and the second 

section.   

 

4.1  White Noise 

In the signal processing, the white noise is a random signal which has a constant power 

spectral density. The basic noise model used in Matlab for wavelet de-noising toolbox is as 

follows: 

 

 𝑠(𝑛) = 𝑓(𝑛) + 𝜎𝑒(𝑛) 

 

(13) 

In equation (13),  𝑠(𝑛)  is the complete signal,  𝑓(𝑛)  is the effective part of the signal which 

is without noise,  𝑒(𝑛) is the noise,  𝜎 is the strength of the noise [6].  

 

Needless to say, the final objective of the de-noising process is to suppress the noisy part of 

the signal  𝑠(𝑛)  while recovering  𝑓(𝑛)  as much as we can, which is the effective part of 

signal in our process. 
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4.2 Principle of de-noising of wavelet transform 

 

4.2.1 Signal decomposition and reconstruction 

 

The basic ideas of de-noising a noised signal are decomposition and reconstruction. The 

processes of them in Matlab wavelet toolbox are that use the discrete wavelet transforms 

(DWT) to decompose an original signal into wavelet coefficients and then reconstruct it by 

using the inverse discrete wavelet transform (IDWT). 

The decomposing and reconstructing processing tool used by Matlab is called two-channel 

subband coder, which was developed by Mallat in 1988 [13]. The procedure of it is using a 

series of high-pass and low-pass filters to decomposing and reconstructing the original signal. 

The function of Mallat can be expressed as follow: 

 

 

{
 
 

 
 

𝐴𝑗[𝑓(𝑡)] = 𝑓(𝑡)      𝑗 = 0
 
 
 

𝐴𝑗[𝑓(𝑡)] =∑𝐻(2𝑡 − 𝑘)

𝑘

𝐴𝑗−1[𝑓(𝑡)], 𝑗 = 1,2,3…𝑁

 

 

 
 

(14) 

 

 

 

  

    𝐷𝑗[𝑓(𝑡)] =∑𝐺(2𝑡 − 𝑘)𝐷𝑗−1[𝑓(𝑡)],     𝑗

𝑘

= 1,2,3…𝑁 

 
 

(15) 

 

In equation (14) and equation (15), t is the discrete time, t =1,2,3…m; f(t) is the discrete 

signal; j is the decomposing levels j=1,2,3…m; H and G are a pair of  quadrature mirror filter. 

𝐴𝑗[𝑓(𝑡)]  are approximations which is the low frequency and high scale content of the original 

signal, 𝐷𝑗[𝑓(𝑡)] are results in details, which have high frequencies and low scales. 

In this section of thesis, we are about to use third level decomposition to decompose the 

original signal. The procedure of decomposition is as Fig 10 below. The high-frequency noise 

signals always included in the details content and effective original signal contents, which 

performance relative stable are always remained in approximations parts. 
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Figur 11 Procedure of a 3rd leveled wavelet decomposition to decompose the original signal S 

 

4.2.2 Thresholding 

4.2.2.1 Principle of thresholding 

 

Threshold a signal is a technique to de-noise based on the fact that some of the decomposed 

wavelet coefficients are associated with signal averages and others correspond to details from 

the original signals.’ If the smaller details are eliminated from the signal decomposition, the 

original signal can be extracted from the remaining coefficients and the main signal 

characteristics will remain intact because an orthogonal wavelet transform compresses the 

‘energy’ of the signal into a few large components and the white noise is very disordered and 

hence is scattered throughout the transform in small coefficients’ [14,15,16] 

4.2.2.2 Soft thresholding or hard thresholding 

 

There are two common methods of thresholding a signal in Matlab wavelet toolbox, which are 

soft thresholding and hard thresholding. Simply, although they bear some superficial 

similarities, the differences between them are soft thresholding can provide better result but 

also is more complex than hard thresholding. 

The hard thresholding is the simplest way because the procedure only retains the relative 

bigger value of the wavelet coefficients and offset the relative smaller ones. But it also has the 

advantage that can keep more peak characteristics from original signals. The expression of it 

shows as equation (16) where 𝜂𝐻 in the equation means the original signal and 𝑤 is the 

thresholded signal. 

Original Signal 
(S) 

Approximations in 
1st  level  (CA1) 

Details  in 2nd 
level(CD2) 

Approximations  
in 2nd level(CD2) 

Details  in 3rd 
level(CD3) 

Approximations 
in 3rd  level(CA3) 

Details  in 1st  
level  (CD1) 
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 𝜂𝐻  =   {
𝑤, |𝑤| ≥ 𝑡

 
0, 𝑤 < 𝑡

 

 
 

(16) 

The soft thresholding can get more smoothly result because it shrinks the coefficients which 

have relative big values and offset the relative small coefficients. 

4.3 Comparison of performance between STFT and wavelet transform on de-noising a 

recorded white-noisy original signal 

 

In this section, we recorded a piece of human voice by using microphone on computer. The 

recording is used as the original signal and added Gauss white noises with 5dB SNR upon it 

during the entire time length. For the noisy signals, we used STFT and wavelet transform as 

tools to de-noise them via Matlab.  

The original voice signals, noisy signals and de-noised signals are displayed in fig12&14. 

Figure 12 is the display of those three signals with STFT de-noise program and fig14 is for 

the ones of wavelet transform program.  

 

Figur 12 With window length wlen=200, SNR=5  a) One sample for the recorded original voice signal in time-

amplitude domain  b) the white-noisy signal a) in Time-Amplitude domain  c) The de-noised signal b) (by using STFT) 

in Time-Amplitude domain 

The difference between de-noised signals and original signals are plotted in fig13 and fig15 as 

well. The root mean square (RMS) of the difference is considered as an important parameter 

to compare the two de-noise programs. In the case we plotted, the RMS value of deference for 

STFT program is 0.0457dB and for wavelet transform program is 0.0382dB. 
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Figur 13 Difference between original signal and de-noised signal in STFT program (rms 0,0457) 

 
Figur 14 With SNR=5 a) One sample for the recorded original voice signal in time-amplitude domain  b) the white-

noisy signal a) in Time-Amplitude domain  c) The de-noised signal b) (by using wavelet transform) in Time-Amplitude 

domain 

 
Figur 15 Difference between original signal and de-noised signal in wavelet transform program (rms 0,0382) 

Notice that for better performances, Fig13 and Fig15 used the different scales.  
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In the table1 below, the two de-noise systems are tested by changing the SNR of noises which 

we added on the original signals. In the testing, time period during the program, RMS value of 

the differences and the SNR differences between de-noised signals and noisy signals are 

considered as three parameters. 

 
Table 1 comparision for transformating results 

 

SNR(set) 

For Wavelet transform 

 

For STFT 

 

 T RMS(diff) SNR(diff) T RMS(diff) SNR(diff) 

1 2.8619 0.0515 6.3663 1.2604 0.0682 3.9287 

3 2.8979 0.0437 5.7983 1.3236 0.0561 3.6322 

5 2.8872 0.0380 5.0049 1.3047 0.0461 3.3358 

7 2.8841 0.0339 3.9993 1.2982 0.0370 3.2350 

9 2.8969 0.0307 2.8596 1.2975 0.0310 2.7826 

11 2.8980 0.0283 1.5751 1.3148 0.0245 2.8066 

13 2.8875 0.0269 0.0038 1.3014 0.0.202 2.4834 

15 2.8930 0.0258 -1.6297 1.3143 0.0172 1.9057 

17 2.8804 0.0252 -3.4096 1.3158 0.0143 1.4851 

 

The plotting of time periods changings with SNR values is shown as Fig16 as below. From 

the plotting, wavelet transformations take double time than STFT programs in average. The 

time period changed randomly with the changing of SNR values, and the variation is very 

little compared with the whole program time period. So we can say that the SNR changes 

don’t affect much on programs time period for both of them. 

 

In these plotting below, the red lines show the performance of STFT and blue lines show the 

performance of wavelet transforms. 

 

 
Figur 16 Time period comparion between two programs 
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The fig17 below shows the relation between RMS values of original and de-noised signals’ 

differences and SNR values. The RMS value of differences can show the quality of de-noising 

program, the lower RMS value it get, the higher de-noising quality the program has. From the 

figure, it can be found out that when SNR value is equal to 9, the wavelet transformation and 

STFT program have almost equal quality on de-noising. When the SNR is less than 9, wavelet 

transformation performs better and STFT program has higher quality when SNR value is 

bigger than 9.   

 

The differences of SNR values are equal to SNR value of de-noised signals minus to the set 

SNR values. It can also show how effective the program is to de-noise signals, in this case, 

higher differences’ value give us a more effective de-noise program. From the fig18 below, 

we can get the same conclusions. 

 

 

 
Figur 17 RMS for defferences' comparision between two programs 

 

 
Figur 18 Dinfferences of SNR comparision between two programs 
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5 Conclusion 

 

Wavelet transform and STFT are two useful methods for time-frequency analysis, both of 

them can provide simultaneous time and frequency localization. They have their limitations 

on performing since the limitations of their basic functions.  For STFT, its window length has 

been defined and cannot be changed during the process. For wavelet transform, the wavelets 

change its shape by changing the value of dilation factor ’a’ and translation factor ‘b’. It 

makes wavelet transform more flexible length of windowing, but on the other hand, it takes 

longer process time than STFT. 

For performing complicated signals, wavelet transform has a smoother performance in time-

frequency-spectrum plotting, but also has worse accuracy for spectrum values compare with 

STFT performances. 

In the de-nosing programs of both of two methods, under the set-up conditions, the wavelet 

transform program takes averagely double time to finish one process than the STFT program. 

For the de-noise qualities, the wavelet transform has better qualities with small SNR of noises 

than STFT program. But if the SNR value of noises is bigger than some value (in our case the 

value is 9dBm), then the STFT program shows better de-noise quality than the wavelet one. 

In general situations, the ‘cross point’ of wavelet transform and STFT ability curves should be 

something in common. And the value of the ‘cross point’ which present under which ranges 

does which transform have better performance is depended on the different set-up elements, 

t.ex length of window function or the magnitude of noise. 

In conclusion, both of two methods have its advantages and disadvantages. If something is 

needed for a program with huge data length (which is going to take long time to process) and 

strong external interferences (which the SNR value of noises is going to be huge), STFT 

program is a better choice for the situation. If the program is about something like a voice 

recording which has not so strong interferences and data length, then the wavelet transform is 

going to be the top choice. 
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7 Appendix 

 

A. Enframe function for both STFT and wavelet transform 

 

function [f,t]=enframe(x,win,inc) 

%   This program is free software; you can redistribute it and/or modify 

%   it under the terms of the GNU General Public License as published by 

%   the Free Software Foundation; either version 2 of the License, or 

%   (at your option) any later version. 

% 

%   This program is distributed in the hope that it will be useful, 

%   but WITHOUT ANY WARRANTY; without even the implied warranty of 

%   MERCHANTABILITY or FITNESS FOR A PARTICULAR PURPOSE.  See the 

%   GNU General Public License for more details. 

% 

%   You can obtain a copy of the GNU General Public License from 

%   http://www.gnu.org/copyleft/gpl.html or by writing to 

%   Free Software Foundation, Inc.,675 Mass Ave, Cambridge, MA 02139, USA. 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

  

nx=length(x(:)); 

nwin=length(win); 

if (nwin == 1) 

   len = win; 

else 

   len = nwin; 

end 

if (nargin < 3) 

   inc = len; 

end 

nf = fix((nx-len+inc)/inc); 

f=zeros(nf,len); 

indf= inc*(0:(nf-1)).'; 

inds = (1:len); 

f(:) = x(indf(:,ones(1,len))+inds(ones(nf,1),:)); 

if (nwin > 1) 

    w = win(:)'; 

    f = f .* w(ones(nf,1),:); 

end 

if nargout>1 

    t=(1+len)/2+indf; 

end 

 

 

 

B. Gnoisegen function for both STFT and wavelet transform: 

 

function [y,noise] = Gnoisegen(x,snr) 
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% Gnoisegen function is used to add Gauss white noise to original signal x 

% [y,noise] = Gnoisegen(x,snr) 

% x is the original signal?snr is the SNR value we setted in dB 

% y is the noisy signal?noise is the noise content we added  

noise=randn(size(x));              

Nx=length(x);                      

signal_power = 1/Nx*sum(x.*x);      

noise_power=1/Nx*sum(noise.*noise); 

noise_variance = signal_power / ( 10^(snr/10) );     

noise=sqrt(noise_variance/noise_power)*noise;       

y=x+noise;                         

 

SNR function for both STFT and wavelet transform: 

 

function snr=SNR_singlech(I,In) 

% calculate the SNR value to noisy signal 

% I is the original signal 

% In is the noisy signal 

I=I(:)';                              

In=In(:)'; 

Ps=sum((I-mean(I)).^2);               

Pn=sum((I-In).^2);                    

snr=10*log10(Ps/Pn);                  

 

C. wavelet function: 

 

clear all; clc; close all; 

  

filedir=[];                              

filename='original signal.wav';                 

fle=[filedir filename]                   

[xx,fs]=wavread(fle);                    

wavplay(xx,fs) 

xx=xx-mean(xx);                         % eliminate the DC component x=xx/max(abs(xx));                      

% Amplitude normalization 

x=xx/max(abs(xx)); 

  

IS=0.25;                                 

wlen=200;                               % set frame length to 25ms 

inc=100;                                 % set frame shift to 10ms 

SNR=5;                                  % set SNR to 5 

N=length(x);                             

time=(0:N-1)/fs;                        % set time 

signal=Gnoisegen(x,SNR);                % superpose noise 

snr1=SNR_singlech(x,signal);            % calculate the noisy SNR 

overlap=wlen-inc;                        

H=hamming(wlen); 

framenumber=2*fix(length(signal)/wlen)-1;               %frame   

 output(1:length(signal))=0;                      %noisy signal 

for i=1:framenumber;     
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   for m=1:wlen; 

       data(m)=signal(wlen*(i-1)/2+m)*H(m);            %Hamming window  

   end 

   [c,l]=wavedec(data,3,'haar');     %choose the wavelet function and decompose the signal 

                                                     %get the threshold value of the process 

   [thr,sorh,keepapp]=ddencmp('den','wv',data); 

                                                      %denoising the signal 

   xd=wdencmp('gbl',c,l,'haar',3,thr,sorh,keepapp);   

   for m=1:wlen; 

        output((i-1)*wlen/2+m)=output((i-1)*wlen/2+m)+xd(m); 

    end;     

end 

snr2=SNR_singlech(x,output);            % calculate the SNR after the spectral subtraction 

snr=snr2-snr1; 

fprintf('snr1=%5.4f   snr2=%5.4f   snr=%5.4f\n',snr1,snr2,snr); 

wavplay(signal,fs); 

pause(1) 

wavplay(output,fs); 

subplot 311; plot(time,x,'k'); grid; axis tight; 

title('Original signal'); ylabel('Amplitude') 

subplot 312; plot(time,signal,'k'); grid; axis tight; 

title(['Noisy signal SNR=' num2str(SNR) 'dB']); ylabel('Amplitude') 

subplot 313; plot(time,output,'k'); grid; hold on; 

title('Denoised signal'); ylabel('Amplitude'); xlabel('Time in seconds'); 

wavwrite(output,fs,'xiaobo.wav') 

 

D. OverlapAdd2 function referenced by Esfandiar Zavarehei for STFT: 

 

function ReconstructedSignal=OverlapAdd2(XNEW,yphase,windowLen,ShiftLen); 

  

%Y=OverlapAdd(X,A,W,S); 

%Y is the signal reconstructed signal from its spectrogram. X is a matrix 

%with each column being the fft of a segment of signal. A is the phase 

%angle of the spectrum which should have the same dimension as X. if it is 

%not given the phase angle of X is used which in the case of real values is 

%zero (assuming that its the magnitude). W is the window length of time 

%domain segments if not given the length is assumed to be twice as long as 

%fft window length. S is the shift length of the segmentation process ( for 

%example in the case of non overlapping signals it is equal to W and in the 

%case of %50 overlap is equal to W/2. if not given W/2 is used. Y is the 

%reconstructed time domain signal. 

 

 

if nargin<2 

    yphase=angle(XNEW); 

end 

if nargin<3 

    windowLen=size(XNEW,1)*2; 

end 

if nargin<4 
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    ShiftLen=windowLen/2; 

end 

if fix(ShiftLen)~=ShiftLen 

    ShiftLen=fix(ShiftLen); 

    disp('The shift length have to be an integer as it is the number of samples.') 

    disp(['shift length is fixed to ' num2str(ShiftLen)]) 

end 

  

[FreqRes FrameNum]=size(XNEW); 

  

Spec=XNEW.*exp(j*yphase); 

  

if mod(windowLen,2)          %if FreqResol is odd 

    Spec=[Spec;flipud(conj(Spec(2:end,:)))]; 

else 

    Spec=[Spec;flipud(conj(Spec(2:end-1,:)))]; 

end 

sig=zeros((FrameNum-1)*ShiftLen+windowLen,1); 

weight=sig; 

for i=1:FrameNum 

    start=(i-1)*ShiftLen+1;     

    spec=Spec(:,i); 

    sig(start:start+windowLen-1)=sig(start:start+windowLen-1)+real(ifft(spec,windowLen));     

end 

ReconstructedSignal=sig; 

 

E. Simplesubspec function for STFT 

 

function output=simplesubspec(signal,wlen,inc,NIS,a,b) 

wnd=hamming(wlen);                      % set window function 

N=length(signal);                        

  

y=enframe(signal,wnd,inc)';             % separate frame 

fn=size(y,2);                            

  

y_fft = fft(y);                            % FFT 

y_a = abs(y_fft);                       % get the amplitude value 

y_phase=angle(y_fft);                   % get the phase angle 

y_a2=y_a.^2;                            % get the power 

Nt=mean(y_a2(:,1:NIS),2);               % get the average power for noise content 

nl2=wlen/2+1;                            

  

for i = 1:fn;                           % Spectral subtraction 

    for k= 1:nl2 

        if y_a2(k,i)>a*Nt(k) 

            temp(k) = y_a2(k,i) - a*Nt(k); 

        else 

            temp(k)=b*y_a2(k,i); 

        end 

        U(k)=sqrt(temp(k));                         % get the amplitude value 
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    end 

    X(:,i)=U; 

end; 

output=OverlapAdd2(X,y_phase(1:nl2,:),wlen,inc);   % compose the de-noised signal 

Nout=length(output);                     

if Nout>N 

    output=output(1:N); 

elseif Nout<N 

    output=[output; zeros(N-Nout,1)]; 

end 

output=output/max(abs(output));         % Amplitude normalization 


