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Abstract  

The world is slowly moving into increased human-robot interaction where both humans and robots can 

co-exist in the same domain. For the robot to be able to operate effectively in a man’s designed 

environment, it becomes necessary to model the robot with human capabilities as humans are seen as 

more capable. Replicating human becomes a huge challenge due to numerous degrees-of-freedom 

(DOFs) that human possess resulting into too many variables and nonlinear equations. Other challenges 

do occur like singularities. 

 

In this thesis, the singularity challenge of a redundant humanoid arm is explored while maintaining a 

simple 7 DOF serial chain structure. As opposed to the 30 DOF human arm, a simpler 7 DOF humanoid 

arm is adopted and studied to eliminate the singularity challenges. The singularity problem mainly 

comes from the elbow and the spherical joints at the shoulder and wrist. A step-by-step review of 

available inverse kinematics techniques is made with more focus on the iterative Jacobian-based 

methods. A step-by-step approach is adopted so as to identify the source of singularities while using the 

iterative Jacobian-based techniques that are able to handle the nonlinearities of the equations. 

 

The Singular Value Filtering (SVF) technique coupled with Selectively Damped Least Squares (SDLS) 

is employed. Without any restrictions to the stretch of the arm or end-effector pose, the method 

demonstrates, in conjunction with Euler angle singularity avoidance method, the elimination of 

singularity problems. This is achieved with no adjustment to kinematic model of the manipulator. 
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1 Introduction 

The word humanoid means “having an appearance or character resembling that of a human” [1]. This 

could range from body structure and ability to emotional resemblance, behavioural traits or even 

perception capabilities. Though robots are mechatronic machines, one would not be faulted to imagine 

a human-like structure at any mention of robot. This notion could be partly due to movie industry 

fictional portrayal of robots or humans imagination of what the future holds. Man is slowly working on 

tapping the benefits that would come with full realisation of humanoids. 

1.1 Motivation 

The world is keen to have a scenario where both humans and robots interact in the same domain despite 

the ethical, regulatory and technical challenges. However, this calls for the robots to be designed with 

human capabilities. A lot of challenges in replicating the kinematical abilities of humans do exist as 

humans possess abundant degrees-of-freedom (DOF). The numerous DOFs results into large number of 

variables that consequently makes modelling and controlling challenge. Therefore, efforts to have robot 

with simpler but redundant models by eliminating seemingly irrelevant DOFs while maintaining human 

capabilities have been studied.  

 

A complete realisation of a humanoid robot would mean the world would have a ‘machine’ able to 

perform as much as humans and better. Unlike humans whose repeatability of tasks is poor [2], 

emotionally unpredictable and prone to fatigue, humanoid will be stress-free with performance not 

dependent on emotions. That would mean improved efficiency, productivity, among other benefits. 

Central to this is the robot arm. Be it industrial or domestic, the robot arm performs the task; though the 

hand does the actual works like grasping, tightening, pick-and-place, among others, the arm is required 

to move the hand as accurately and smooth as possible. Therefore, the need to have a high performing 

arm and a clear understanding of the motion properties of the human arm. 

 

Though a simpler model is desirable, we would like to utilise the advantages that come with a redundant 

system. Unlike the human arm that is singularity free (postures that produce unstable joint responses) 

due to redundancy, humanoid arms are prone to singularities. With this problem, therefore, an acceptable 

humanoid arm needs to be singularity free. Hence, this research aim to highlight this challenge and 

propose an inverse kinematic solution to the problem. 

 

In this work, a 7 DOF serial manipulator is considered [3]. Using a framework of kinematics, the 

geometric behaviour of the humanoid arm was studied. The result is a simpler design as opposed to all 



Sebe S. Mulumbwa Humanoid Arm Geometric Model 

 

2 

the 30 DOF of human arm. By investigating the available inverse kinematic techniques, an appropriate 

method is employed that realises the goal of eliminating workspace singularities and, to some extent, 

out-of-workspace singularities, joint limits and obstacle avoidance. 

 

1.2 Related Works 

In geometric approach the links of the robot are modelled as rigid bodies with joints capable of 

translation, rotation or both. The study of robotic kinematics, therefore, aims to apply a geometric 

approach to the kinematic chain of multibodies. This approach will be applied to the humanoid arm. 

 

Humanoid arms are, however, not without challenges. Apart from its complexity, there are possibilities 

of the arm being in a singular posture that results into unpredictable behaviour. There have been efforts 

to tackle these negative effects of unwanted postures. 

 

Kumar in [4] tackled the arm singularity problem in two parts: spherical wrist (a 3 DOF joint) and elbow 

(a hinge joint). The singularity in the wrist can simply be avoided by used configurations [4] which 

would involve avoiding certain configurations that might result into singular position. For the elbow 

singularities, the author proposed avoiding the arm from fully stretching. 

 

Another effort to eliminate humanoid arm singularities was done by the Han et al [5]. The authors 

proposed a method that aims to deactivate the task in the direction of singular configuration. One 

downside of the method, as noted by the authors, was that deactivating the task in a particular singular 

direction meant the position of the end-effector cannot reach the desired position exactly because the 

deactivated direction is not fully controlled [5]. 

 

Yet another work to deal with the unwanted singularities is found in [6, pp. 1144-1149] with focus on 

the spherical wrist singularities and other areas. In this paper to avoid singularities, the authors propose 

a parallel spherical joint. This, however, comes at a cost of structure complexity as opposed to the serial 

mechanism. 

1.3 Problem Statement 

The challenges that come with humanoids and specifically humanoid arm could be summarised as: 

 Modelling due to abundant human DOFs 



Sebe S. Mulumbwa Humanoid Arm Geometric Model 

 

3 

 Resolving the appropriate inverse kinematics solution from the numerous possibilities as a result 

of the nonlinear nature of equations 

 Eliminating the singularities together with the unpredictable effects that come with them 

 

To achieve a full humanoid robot, the entire human anatomy needs to be modelled. To realise this, 

principles in mechanics can be applied to model both human and humanoid motions. Therefore, the 

human body could be split into individual problems of a bigger problem. For example, even a finger 

that seem physically small and simple is a complex task to replicate in engineering. In this thesis, focus 

is put on the arm.  

 

As a result of nonlinear and time varying nature of kinematics, kinematic complexity poses challenges 

in both mathematical and interpretational context. Furthermore, the human arm has redundancy, that is, 

it poses a lot of DOF than required for task description. The hand possess 23 DOF while from the 

shoulder to wrist 7 DOF making a total of 30 DOF. Modelling a humanoid arm to poses all the DOFs 

is, therefore, not an easy task. Therefore, approximations are made to eliminate some irrelevant 

movements. Though the numerous DOFs proves problematic in modelling, the extra DOFs 

(redundancy) enable the human arm more versatility e.g. performing a task in an infinite number of 

ways [7, pp. 433-444]. The redundancy is also used to enforce limits on the range of joint motion, joint 

limit avoidance, and could also be employed in manipulator’s ability to avoid obstacles. 

 

The problem of singularities, however, would negate the benefits of a redundant system should they 

exist. At these configuration, the manipulator, for example, looses some DOFs and experiences high 

gains, among other unpredictable behaviours. However, due to redundancy, human arm is singularity 

free as opposed to humanoids that suffer from this singularity problem. As opposed to humanoids, 

humans take advantage of singularities to compensate for weak actuation [7]. The author states that 

human arm gains mechanical advantage from singular configurations thereby minimising fatigue as the 

driving forces are decreased. 

1.4 Aim and Objectives 

Understanding of inverse kinematics is cardinal to this work. The suitable technique should be able to 

resolve the best inverse kinematics solution among the numerous possibilities. Among the numerous 

techniques to be studied would be decoupling, geometric, analytical, and iterative.  

 

The main aim of the thesis is then to simulate, using MATLAB, a 7 DOF serial humanoid arm that has 

enough redundancy to avoid the effects of kinematic singularities while maintaining a less structurally 
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complex system. Also to be studied will be joint limit enforcement and obstacle avoidance. However, 

due to resource and time constraints, joint limits will only be partially handled. Due to the fact that 

singularities can result from several possibilities, the problem will be tackled in a two part system: a 

planar manipulator without need for orientation to determine the suitable technique and later apply the 

suitable method to the 7 DOF humanoid arm that will consider the orientation. 

1.5 Thesis Outline 

The thesis is divided into five chapters. Chapter 2 gives a theoretical background of the topic and the 

possible techniques capable of dealing with the mentioned problem. In Chapter 3, step-by-step 

methodology is given with specific results and discussion of the results in Chapter 4. Finally the work 

is concluded in Chapter 5. 
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2 Theoretical Background 

In this chapter, focus is put on the kinematics problem with more focus on the inverse kinematics 

challenge of a serial manipulator. The modelling procedure will be explained that culminates into a 

nonlinear transformation matrix. The chapter highlights some of the techniques used in the inverse 

kinematics problem and the singularity challenge. The Chapter will also describe the joint limit and 

obstacle avoidance techniques. 

 

To understand the forward and inverse kinematic problem, Figure 1 below is considered. The figure 

shows the mappings between joint space and task space. The kinematic problem can be formulated 

into two types: forward and inverse. In forward kinematics, joint variables are used to determine the 

end-effector position and orientation (pose) while in the inverse kinematics problem, the end-effector 

position and orientation is used to compute the joint variables. While forward kinematics is relatively 

easy to solve, the nonlinear trigonometric functions results into numerous to infinite solutions making 

inverse kinematics more of a bigger problem. 

 

 

 

 

Figure 1: Kinematics relationship 

There are numerous methods that have been proposed to solve this inverse kinematic problem, each 

coming with specific pros and cons. Vital to this thesis would be to understand the inverse kinematic 

techniques. Among the numerous techniques to be studied would be decoupling, geometric, analytical, 

and iterative, among others.  

2.1 Attitude Representation 

Euler angles are the most widely used methods for attitude representation due to the fact that they are 

more intuitive, easy to implement and requires minimal parameters. One disadvantage of using Euler 

Joint Variable = {
𝑞,    𝑟𝑒𝑣𝑜𝑙𝑢𝑡𝑒

𝑑,   𝑝𝑟𝑖𝑠𝑚𝑎𝑡𝑖𝑐
 End − effector = {

 𝜃, 𝜑, 𝜓,   𝑂𝑟𝑖𝑒𝑛𝑡𝑎𝑡𝑖𝑜𝑛

𝑥, 𝑦, 𝑧,   𝑃𝑜𝑠𝑖𝑡𝑖𝑜𝑛
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angles is that they are three dimensional and any three dimensional parameterisation is prone to “gimbal 

lock”, singularity. This happens when the first and second Euler angles cannot be distinguished. 

 

Minimal parameterisation of attitude results into twelve Euler angle sets coded lmn ((121, 131, 212, 

232, 313, 323, 123, 132, 213, 231, 312, 321) [8, pp. 1-17]. Symmetric Euler angle representation 

happens when l = n, otherwise asymmetric. As already mentioned Euler angle representation experience 

singularity. For symmetric representation, this happens when middle angle 0𝑜 or ± 180𝑜 while the 

critical point for asymmetric representation is ±90𝑜. For Euler angle singularity avoidance, refer to 

Section 2.4.6. 

2.2 Forward Kinematics 

Forward kinematics maps joint space variables, q, into end-effector workspace W as depicted in Figure 

1. Considering n joints and m task space dimensions, this relationship is summarised as below: 

𝒒 ∈ ℝ𝑛 ⟶ 𝑾 ∈ ℝ𝑚 

𝑞, 𝑑 ↦ 𝑥𝑒 

Where 𝑥𝑒 is the end-effector pose. The manipulator joint configuration state (𝑞, 𝑑) determines the pose 

of the end-effector 𝑥𝑒. A transformation matrix that can either be rotation, translation or combination of 

the two is used to map the joint space variables into workspace. Since, the Denavit-Hartenberg (DH) 

parameters form a popular set of methods to define these transformations we use it to define the 7-DOF 

kinematic framework. 

2.2.1 Denavit-Hartenberg Parameters 

When dealing with a serial manipulator, the manipulator can be described kinematically by four 

parameters of each of the robot link called Denavit-Hartenberg (DH) parameters. Figure 2 below is a 

portion of manipulator depicting two consecutive links that would be used to derive the homogeneous 

transformation matrix. 
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Figure 2: DH parameter determination [9] 

Figure 2 shows a two link portion of a serial manipulator with frames of unit length defined by �̂�𝑖, �̂�𝑖, 

�̂�𝑖. Other parameters from the figure as defined as 

𝑎𝑖 : Link length 

𝛼𝑖 : Link twist 

𝑑𝑖: Joint distance  

𝜃𝑖: Joint angle  

The procedure [9] for frame assignment and obtaining of parameters is described. The effective of DH 

parameter technique depends on the assignment of the coordinate frames. Below is a procedure on frame 

assignment: 

 Set �̂�𝑖 along the axis of rotation of ith joint  

 Identify a common perpendicular between the successful �̂�𝑖 axes. The intersection is the link-

frame origin 

 �̂�𝑖 is assigned along the common perpendicular. 

 Complete �̂�𝑖 using the right-hand rule 

The above steps are, however, not applicable to first and last links. For these special cases, below are 

the steps: 

 �̂�0 should point along  joint 1 but can be freely chosen 

 �̂�𝑛 should be perpendicular to nth joint axis but otherwise the frame position can be freely 

chosen. 

 For prismatic joint i, the parameter d is taken as offset on the variable 𝑑𝑖 

 For revolute joint i, parameter θ is taken as offset on variable 𝜃𝑖 

With the above steps, the required DH parameters are found as below: 

 Link length 𝑎𝑖 : Distance of �̂�𝑖 measured along �̂�𝑖 to �̂�𝑖+1 

 Link twist 𝛼𝑖 : Angle about �̂�𝑖 measured from �̂�𝑖 to �̂�𝑖+1 

 Joint distance 𝑑𝑖 : Distance of �̂�𝑖 measured along �̂�𝑖−1 to  �̂�𝑖  

 Joint angle 𝜃𝑖: Angle about �̂�𝑖 measured from �̂�𝑖−1 to  �̂�𝑖 

 

Having obtained the DH parameters, the homogeneous transformation matrix 𝑇 from frame i-1 to frame 

i is obtained as: 

𝑇𝑖
𝑖−1 = [

cos 𝜃𝑖 −sin 𝜃𝑖 cos 𝛼𝑖 sin 𝜃𝑖 sin 𝛼𝑖 𝑎𝑖 cos 𝜃𝑖

sin 𝜃𝑖 cos 𝜃𝑖 cos 𝛼𝑖 −cos 𝜃𝑖 sin 𝛼𝑖 𝑎𝑖 sin 𝜃𝑖

0 sin 𝛼𝑖 cos 𝛼𝑖 𝑑𝑖

0 0 0 1

]                  (1) 

 

𝑇𝑖
𝑖−1 = [

𝑅
0 0 0

|
𝑃
1
]                     (2) 
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Where R is the 3x3 rotation matrix representation orientation and P a 3x1 for position. For a 

multi joint serial manipulator, the compound homogeneous transformation can be obtained by mere 

multiplication of the homogeneous transformations of the consecutive links. For example, to find the 

pose of the end-effector for an n joint manipulator, the end-effector homogeneous transformation will 

be obtained as: 

 

𝑇𝑛
0 = 𝑇1

0 𝑇2
1 … . 𝑇𝑛

𝑛−1                      (3) 

2.3 Inverse Kinematics 

The inverse kinematics problem aims to map task space variables into joint space configurations. This 

can be stated mathematically as 

𝑾 ∈ ℝ𝑚 ⟶ 𝒒 ∈ ℝ𝑛 

𝑥𝑒 ↦ 𝑞, 𝑑 

In this problem, we are given the end-effector pose 𝑥𝑒 and the aim is to find the joint variables 𝑞, 𝑑  that 

are required to realise the pose. For example, consider the two-planar manipulator Figure 3 in below 

 

Figure 3: Two-link manipulator 

Where P is the desired pose, 𝑙1, 𝑙2 link lengths and 𝑞1, 𝑞2 angles. Solving for 𝑞1, 𝑞2 by geometric means 

we see a possibility of two solutions. Also referring to equation (1) depicts the nonlinear homogeneous 

transformation. The inverse kinematics, therefore, reduces to solving nonlinear equations to get to the 

desired position P. Due to the nonlinearity problem, multiple solutions are obtained; elbow up and elbow 

down in Figure 3.  

 

Several techniques are available for solving the inverse kinematics problem all with specific pros and 

cons. Among the techniques is the geometric, analytical and iterative methods [10, pp. 325-365]. The 

iterative technique searches for joint variable solution for the nonlinear equations [10]. For 6 DOF 

manipulators with three links intersecting on a single joint, wrist centre, the decoupling method can be 
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used. First 𝑞1, 𝑞2 and 𝑞3 are solved based on position and then 𝑞4, 𝑞5 and 𝑞6 are later determined based 

on Euler angle orientation. 

 

Solving inverse problem for a manipulator with lot more DOFs using the geometric and analytical 

methods become prohibitive and might not provide a solution. For decoupling, the technique is restricted 

to 6 DOF [10], not applicable to the humanoid arm of 7 DOF. Moreover, the three techniques do not 

provide a way of selecting a single solution out of the numerous solutions. Due to the mentioned 

shortcomings, focus would be put on the iterative techniques. 

 

The iterative inverse kinematics technique, however, is able to solve the nonlinear equations. Therefore, 

these Jacobian based nonlinear techniques are analysed and will be compared in Chapter 4 to select the 

most suitable for the task. 

2.3.1 Jacobian Based Inverse Kinematics 

The Jacobian 𝐽 can be thought of as a parameter that maps joint velocities to end-effector velocities. 

𝝃 = 𝐽�̇�                       (4) 

Where 𝝃 represents both the angular and linear velocities and �̇� the joint velocities. The Jacobian can 

also be looked at the parameter that represents the Taylor series linearisation and approximation of a 

nonlinear function. Consider Figure 4 below, a serial manipulator with connected links having the task 

of the end-effector reaching the target. 

 

Figure 4: Serial link manipulator 

The manipulator is trying to reach target �̅�, 𝒓 𝑜 the current end-effector location and 𝒆 = �̅� − 𝒓 𝑜 the error 

between the desired target and current end-effector location. 

Using Taylor series on function z= 𝑓(𝑥, 𝑦) about (𝑥0, 𝑦0) 

𝑓(𝑥, 𝑦) = 𝑓(𝑥0, 𝑦0) + 𝑓𝑥(𝑥0, 𝑦0)(𝑥 − 𝑥0) + 𝑓𝑦(𝑥0, 𝑦0)(𝑦 − 𝑦0) + ⋯                                     (5) 

               = 𝑓(𝑥0, 𝑦0) + 𝐽(𝑥0, 𝑦0)  
𝑥 − 𝑥0

𝑦 − 𝑦0
 + ⋯ 

𝐽 is the Jacobian matrix. Applying the above idea to Figure 4  
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�̅� = 𝑓(𝒒 𝑑)                        (6) 

𝒓 0 = 𝑓(𝒒 0)                       (7) 

𝒒 𝑑 is the desired joint configurations required to reach target and 𝒒 0 the current joint configuration. 

𝑓(𝒒 𝑑) − 𝑓(𝒒 0) ≈ 𝐽(𝒒 0)(𝒒 𝑑 − 𝒒 0)                      (8) 

𝒆 ≈ 𝐽(𝒒 0)∆𝒒                         (9) 

According to equation (9), the Jacobian relates the joint angle ∆𝒒  required to eliminate the error 𝒆 .  

From both equations (4) and (9), the joint velocities (joint configurations can be calculated from 

velocities) and change in joint configurations, respectively, can be obtained by simply multiplying both 

sides of equations with inverse of the Jacobian. This translates to 

�̇� = 𝐽−1𝝃                           (10) 

∆𝒒 ≈ 𝐽−1𝒆                       (11) 

2.3.2 Kinematic singularities 

Looking at equations (10) and (11), it can be seen that result depends on the inverse of the Jacobian. 

However, not all matrices are invertible. For example, since matrix inversion depends on calculating the 

determinant, a determinant of or close to 0 results in near infinite answer. The Jacobian dimensions are: 

𝐽 ∈ ℝ6𝑥𝑛. Where the Jacobian matrix is not square, problems of inverse kinematics occur. 

 

Expanding equation (4) 

𝜉 = 𝐽1�̇�1 + 𝐽2�̇�2 + ⋯+ 𝐽𝑛�̇�𝑛                                                                                                                             (12) 

This implies that for end-effector velocity to be completely defined, all columns of the Jacobian should 

be linearly independent, meaning full rank. At singular positions, the end-effector loses one or more 

degrees of freedom, since the kinematic equations become linearly dependent [9]. Effectively, the 

Jacobian J becomes rank deficient. 

 

Singular configurations should be avoided due to reasons listed below: 

 The loss of some DOFs means certain motions become unattainable or unreachable [11] 

 Finite end-effector force/torque produces infinite joint torque 

 Bounded end-effector velocities produce unbounded joint velocities 

 Near singularities, there might not be solutions to inverse kinematics or infinite number of 

solutions [11] 

 

Singularities can be broadly be categorised under: 

 Workspace-boundary: These singularities occur when the manipulator is fully stretched. This 

could happen when end-effector is near the workspace boundary or outside the workspace [10]. 

To avoid this singularity, therefore, efforts are made to keep end-effector within workspace. 
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 Workspace-interior: These happen within the workspace due to two or more axes being 

collinear. Consider a 6 DOF manipulator with spherical wrist 

 

(a) 

 

(b) 

Figure 5: Spherical wrist (a) and elbow (b) singularities [11] 

In a spherical wrist, singularities happen whenever θ5 = 0; z3 and z5 become collinear and dependent. At 

the elbow, singularity occurs when the elbow is fully stretched, that is, θ3 = 0 or θ3 = 𝜋. To avoid wrist 

singularities, angle constraints are imposed [11]. In the case of elbow singularities, extra arm length 

might solve the problem but not very feasible. 

 

These singular configurations can be determined by calculating the conditions that make the determinant 

of the J equal to 0 

|𝑱| = 0                      (13) 

Another method would be to monitor the loss of rank of J. This method, however, would only indicate 

presence of singular configuration but would be difficult to specify the exact point.  

2.3.3 Manipulability 

First proposed by Yoshikawa in 1985 [12], manipulability gives a measure of capacity of the robot to 

change in end-effector position and orientation given a joint configuration. The manipulability measure 

also indicate how far the current pose is from a singular configuration.  

 

 

Figure 6: Manipulability ellipsoids [13] 
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Figure 6: Manipulability ellipsoids shows the end effector change in orientation 𝑑𝒒, position 𝑑𝒑 and 

and the manipulability ellipsoid. According to Yoshikawa [12], manipulability can mathematically be 

defined as 

𝜔(𝑞) = √det (𝐽(𝑞)𝐽𝑇(𝑞))                     (14) 

Clearly indicating that manipulability is configuration dependent. A manipulability 𝜔(𝑞) indicates 

manipulator ability to move and when it approaches zero, that implies the manipulator is in singular 

configuration. Using singular value decomposition, it can be shown that [13] 

𝜔(𝑞) = 𝜎1𝜎2 …𝜎𝑚                     (15) 

Where 𝜎𝑖 are the singular values of J, 𝜎𝑖 = √𝜆, where 𝜆 are eigenvalues of the matrix 𝐽𝑇𝐽. The higher 

the value of 𝜔(𝑞) the further the robot is from singular position. The major axis of the ellipsoid indicate 

end-effector can move at higher rates compared to the minor axis. Another important measure is the 

ratio of minimum singular value to maximum, the condition number, k. 

𝑘 =
𝜎𝑚𝑎𝑥

𝜎𝑚𝑖𝑛
                                                                                                   (16)

   

The close k is to unity, the more the ellipsoid is closer to circle. 

2.4 Redundancy Resolution 

A manipulator is considered redundant when the dimensions of task space m is less than that of the joint 

space n. the difference between the n and m, that is, 𝑟 = 𝑛 − 𝑚 (𝑟 ≥ 1) is called the degree of 

redundancy [14]. The Jacobian of redundant manipulator maps joint variables into two subspaces; the 

range subspace that generates velocities at end effector and the null subspace that generates zero 

velocities at end-effector, known as self-motion. Mathematically, this can be represented as 

�̇� = �̇�𝑝 + �̇�𝑁                                   (17) 

𝑞 = 𝑞𝑝 + 𝑞𝑁                     (18) 

Where equation (17) relates velocities and equation (18) position with 𝑞𝑝 the primary task and 𝑞𝑁 

optional task. The term 𝑞𝑁 is obtained by projecting an arbitrary vector 𝑣 into the null space [14].  

𝑞𝑁 = (𝐼 − 𝐽†𝐽)𝑣                    (19) 

𝐽† = 𝐽𝑇(𝐽𝐽𝑇)−1, the pseudo-inverse of the Jacobian. 

More benefits of redundancy can be achieved by utilizing the presence of the null space. These can be 

obtained as described by equation (19). Apart from improved dexterity of redundant manipulators, other 

benefits are obstacle avoidance, joint limit avoidance, energy usage minimization, and more. However, 

these benefits come at the expense of both structural and computational complexity and more difficult 

inverse kinematics. 
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Redundancy resolution, therefore, aims to resolve the best solution among the infinite/numerous inverse 

kinematic options. Normally, taking advantage of the presence of self-motion, obstacle avoidance and 

joint limit avoidance are included.  In the next sections, a background of the redundant resolution 

technics is reviewed. These techniques will be compared in Chapter 4 and the method appropriate to the 

task will be implemented. 

2.4.1 Pseudo-Inverse Method 

The solution to inverse kinematic problem can be solved using the pseudo-inverse method where the 

joint configurations are related to the desired end-effector pose by 

∆𝑞 = 𝛼𝐽†�̅�                     (20) 

�̅� the task error with 𝛼 the step size. The pseudo inverse 𝐽† = 𝐽𝑇(𝐽𝐽𝑇)−1 in singular value decomposition 

(SVD) to understand its performance near singular configurations is given in equation (21) below 

𝐽† = 𝑉Σ†𝑈𝑇 =  
1

𝜎𝑖

𝑟

𝑖=1

𝒗𝑖𝒖𝑖
𝑇                                                                                                                                (21) 

𝑟 is rank of the Jacobian. From equation (21) we can observe that near singularity when 𝜎𝑖 → 0, large 

gains are experienced. The inversion involved is also a computational cost. One advantage of 

the pseudo-inverse method is that all matrices including non-square are invertible. 

2.4.2 Jacobian Transpose Method 

As opposed to use of the pseudo-inverse of the Jacobian above, here the transpose of the Jacobian is 

used.  

∆𝑞 = 𝛼. 𝐽𝑇�̅�                      (22) 

The benefit of using equation (22) as compared to equation (20) is that it is computationally fast since 

no inversion of matrices in involved. However, it suffers from similar singularity problems. 

2.4.3 Damped Least Square Method 

The damped least square (DLS) method aims to find the value of the vector ∆𝑞 that minimizes the cost 

function 

𝐹 = ||𝐽∆𝑞 − �̅�||2 + ||𝜆∆𝑞||2                    (23) 

Where 𝜆 is a non-zero damping constant. Expanding 𝐹 and finding its partial derivative with respect to 

𝑞𝑇 yields 

Δ𝑞 = (𝐽𝑇𝐽 + 𝜆2𝐼)−1𝐽𝑇�̅� =  
𝜎𝑖

𝜎𝑖 + 𝜆2

𝑟

𝑖=1

𝒗𝑖𝒖𝑖
𝑇�̅�                                                                                               (24) 
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Here as 𝜎𝑖 → 0,  
𝜎𝑖

𝜎𝑖+𝜆2 → 0 as opposed to ∞ observed in above mentioned techniques. This 

avoids high joint rates, singularities. However, the error is dependent on the choice of 𝜆. 

Considering joint rates 

𝒆 ̇ = 𝜆2(𝐽𝐽𝑇 + 𝜆2𝐼)−1𝝃                     (25) 

Error rate 𝒆 ̇ depends on 𝜆. Despite avoiding singularities, the method is a compromise between task 

accuracy and joint rates minimisation [15]. Therefore, 𝜆 is chosen normally in range of 10−3.  

The condition number is given by 

𝑘 =
(𝜎𝑚𝑎𝑥

2 + 𝜆)

 𝜎𝑚𝑖𝑛
2 + 𝜆 

         𝑜𝑟     𝑘 = (𝐽𝐽𝑇 + 𝜆𝐼)                                                                                                     (26) 

As an improvement to DLS, [16, pp. 1090-1095] proposes a variable damping with effect of 𝜆𝑖 making 

restrictions on joint limits. 

𝜆𝑖 = 𝑐.  
2𝑞𝑖 − 𝑞𝑖𝑚𝑎𝑥 − 𝑞𝑖𝑚𝑖𝑛

𝑞𝑖𝑚𝑎𝑥 − 𝑞𝑖𝑚𝑖𝑛
 
𝑝

                                                                                                                        (27) 

𝐷(𝜆) =  
𝜆𝑖 … 0
⋮ ⋱ ⋮
0 … 𝜆𝑛

                      (28) 

Where 𝑞𝑖𝑚𝑎𝑥, 𝑞𝑖𝑚𝑖𝑛 are the joint maximum and minimum and 𝑐, 𝑝 ∈ ℝ+ are user defined with 𝑝 even. 

The 𝐷(𝜆) become a new matrix that replaces the damping factor 𝜆 in equation (24). 

2.4.4 Singular Value Filtering 

In [17, pp. 5333-5340] proposed a new way of filtering the Jacobian matrix to obtain an alternative 

pseudo-inverse so that the pseudo-inverse of the Jacobian is always full rank with bounded condition 

number. The method is called Singular value Filtering (SVF). Using SVD, the authors propose the 

following alterations 

𝐽 = ∑ ℎ𝑣,𝜎0
(𝜎𝑖)𝒖𝑖𝒗𝑖

𝑇𝑛
𝑖=1                      (29) 

ℎ𝑣,𝜎0
(𝜎) =

𝜎3 + 𝑣𝜎2 + 2𝜎 + 2𝜎0

𝜎2 + 𝑣𝜎 + 2
                                                                                                                   (30) 

𝐽: Filtered J 

𝜎0: Desired minimum singular value of J. Author recommended 0.005. 

𝑣: Shape factor that regulates shape of ℎ𝑣,𝜎0
(𝜎), recommended to be 10 by authors 

𝐽† =  
1

ℎ𝑣,𝜎0
(𝜎𝑖)

𝒖𝑖𝒗𝑖
𝑇

𝑛

𝑖=1

                                                                                                                                      (31) 

𝐽† is the pseudo-inverse of the filtered J. the condition number is the obtained by equation (32) below 

𝑘 𝐽† =
(𝜎1

3 + 𝑣𝜎1
2 + 2𝜎1 + 2𝜎0)(𝜎𝑛

2 + 𝑣𝜎𝑛 + 2)

(𝜎1
2 + 𝑣𝜎1 + 2)(𝜎𝑛

3 + 𝑣𝜎𝑛
2 + 2𝜎𝑛 + 2𝜎0)

                                                                                     (32) 
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The authors give some weaknesses of the method. One of the weaknesses is that the condition number 

grows exponentially as the least singular value approaches small values compared to set damping factor 

[17, pp. 5333-5340]. Another weakness is the method can have large gains on iterations. The solution 

proposed to second weakness is to combine it with selectively damped least squares (SDLS) method. 

2.4.5 Selectively Damped Least Square 

The Selectively Damped Least Square (SDLS) method could be thought of as a refinement of DLS in 

Section 2.4.3 and requires fewer iterations to converge. In previous techniques, even in DLS, at singular 

configuration large gains are experienced in all directions and affecting all joints. This method aims to 

choose a different damping for 𝜎𝑖. SDLS considers individual joints to determine the amount of change 

required to reach the end-effector [18]. An important characteristic of this technique is that difficult of 

reaching the target is considered before determining the required damping. For example, if target is 

closer to end-effector, less damping is required as the end-effector only requires small change in joint 

angle to reach. Damping is achieved by putting a restriction on the maximum joint angle change. 

 

Taking 𝛾𝑚𝑎𝑥 as the maximum joint angle permitted 

𝛾𝑖 = min (1,
𝑁𝑖

𝑀𝑖
⁄ )𝛾𝑚𝑎𝑥                    (33) 

𝛾𝑖 bounds maximum angle change in response to �̅� 

𝑁𝑖 =  ||𝒖𝑗,𝑖||                                                                                                                                                    (34) 

𝑛

𝑗=1

 

𝑁𝑖 is the sum of magnitudes of vectors in ith column of  𝒖 

𝑀𝑖 =  |𝒗𝑗,𝑖| ||𝑱𝑗|| 

𝑛

𝑗=1

                                                                                                                                            (35) 

𝑀𝑖 estimates sum of  distances moved by end-effector caused by individual joint changes. When 𝑀𝑖 is 

small, joint changes of each error component cancel each other so higher response is required, but only 

in the affected direction (𝑢𝑖) [18]. 

∆𝑞𝑖 = {

𝜔𝑖 𝑖𝑓 ||𝜔𝑖||∞ ≤ 𝛾𝑖

𝛾𝑖

𝜔𝑖

||𝜔𝑖||∞
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

                                                                                                               (36) 

And 𝜔𝑖 =
1

𝜎𝑖
𝑣𝑖𝑢𝑖

𝑇�̅� when 𝜎𝑖 ≠ 0, otherwise 0. 

SDLS has advantage of smaller damping constant making it quicker convergence to target [18]. The 

author’s mentioned downside of the method is the possibility of the end-effector being a bit distant in 

an event target not reached. 
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Though the above mentioned inverse kinematic techniques might reduce/eliminate the singularity 

challenge, the use of Euler angles for attitude representation brings with it the same challenge of 

singularities as noted in Section 2.1. This problem could be avoided using Euler angle set switching 

algorithm. 

2.4.6 Euler Angle Singularity Avoidance 

The twelve angle sets enables a wide choice, and this can be taken advantage of. Out of all the Euler 

angle sets, there will always be certain angle sets that would be singularity free. When using a certain 

angle set and approaching a critical singular point, the angle set could be switched to another that would 

guarantee no singularity. This is tested for all sets and switched to alternative angle sets. Hence, 

singularities as a result of using Euler angle attitude representation is avoided by Euler angle switching. 

2.5 Joint Limit Avoidance 

Not all joints can move through 360o. Therefore, it is necessary to restrict the reach of certain joints as 

requirements might be. These tasks are normally secondary tasks with end-effector pose the main task. 

Described below are two methods that could be used to realise this task. 

2.5.1 Gradient Projection 

A joint centering function 𝐻 is projected onto the main task kernel by the null projection matrix 𝑃 =

 𝐼 − 𝐽†𝐽 . 

𝐻 =
1

𝑛
 (

𝑞𝑖 − 𝑞 𝑖

𝑞𝑖𝑚𝑎𝑥 − 𝑞 𝑖
)
2𝑛

𝑖=1

                                                                                                                                   (37) 

From equation (19), 𝑣 = −∇𝐻 and the secondary task, 𝑞𝑁 = 𝑃𝑣. Using this method, joints limits are 

not always avoided due to the fact that the function 𝐻 is only activated on kernel of position reaching 

the task [19]. 

2.5.2 Kinematic Optimisation 

Unlike the gradient projection method, the kinematic optimisation technique is full-time task method in 

which joints are monitored at all times [14], thereby avoiding getting closer to the limits.  

Φ =
||𝐾(𝑞𝑖 − 𝑞𝑐)||𝑝
𝑞𝑖𝑚𝑎𝑥 − 𝑞𝑖𝑚𝑖𝑛

                                                                                                                                           (38) 

𝐾 is 𝑛𝑥𝑛  a diagonal weighting matrix that gives importance of one joint limit avoidance of another. 

𝑞𝑐 =
𝑞𝑖𝑚𝑎𝑥−𝑞𝑖𝑚𝑖𝑛

2
, the centre or range and 𝑝 an even number. The higher the value of 𝑝 the closer cost 

function is to infinity norm. 𝑣 = −∇ Φ and 𝑞𝑁 = 𝑃𝑣. 
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2.6 Potential Field Obstacle Avoidance 

First proposed by [20], the technique aims to establish an artificial potential field 𝑈(𝑞) with 𝑞 being the 

robot vector (not to be confused with 𝑞 the joint configuration). The state vector is taken as 𝑞 = (𝑥, 𝑦)𝑇, 

planar coordinates. Like in magnetism, the positive potential will repel a like pole and negative attract. 

The total potential field is given by equation (39) 

𝑈(𝑞) = 𝑈𝑎𝑡𝑡(𝑞) + 𝑈𝑟𝑒𝑝(𝑞)                                                                                                                                (39) 

𝑈𝑎𝑡𝑡(𝑞) is the attractive potential field with 𝑈𝑟𝑒𝑝(𝑞) the repulsive. The force vector 𝐹(𝑞) experienced 

by the particle is the gradient of potential field, that is, 

𝐹(𝑞) = −∇𝑈(𝑞) = −∇𝑈𝑎𝑡𝑡(𝑞) − ∇𝑈𝑟𝑒𝑝(𝑞) = 𝐹𝑎𝑡𝑡(𝑞) + 𝐹𝑟𝑒𝑝(𝑞)                                                          (40) 

If the gradient is negative, the direction is of steepest descent. 

 

The attractive potential field 𝑈𝑎𝑡𝑡(𝑞) and repulsive potential field 𝑈𝑟𝑒𝑝(𝑞) together with their respective 

gradients 𝐹𝑎𝑡𝑡(𝑞) and 𝐹𝑟𝑒𝑝(𝑞) are found as described below: 

2.6.1 Attractive Potential Field 

This is used to create a field that attracts the particle to the goal. 𝐹𝑎𝑡𝑡 approaches 0 as 𝑞 reaches the goal, 

𝑞𝑔𝑜𝑎𝑙. 

𝑈𝑎𝑡𝑡(𝑞) = {

1

2
𝜁𝑑2 𝑞, 𝑞𝑔𝑜𝑎𝑙 , 𝑑 𝑞, 𝑞𝑔𝑜𝑎𝑙 ≤ 𝑑𝑔𝑜𝑎𝑙

∗

𝑑𝑔𝑜𝑎𝑙
∗ 𝜁𝑑 𝑞, 𝑞𝑔𝑜𝑎𝑙 −

1

2
𝜁 𝑑𝑔𝑜𝑎𝑙

∗  
2
, 𝑑 𝑞, 𝑞𝑔𝑜𝑎𝑙 > 𝑑𝑔𝑜𝑎𝑙

∗

                                                   (41) 

 

𝐹𝑎𝑡𝑡(𝑞) = ∇𝑈𝑎𝑡𝑡(𝑞) = {

𝜁 𝑞 − 𝑞𝑔𝑜𝑎𝑙 , 𝑑 𝑞, 𝑞𝑔𝑜𝑎𝑙 ≤ 𝑑𝑔𝑜𝑎𝑙
∗

𝑑𝑔𝑜𝑎𝑙
∗ 𝜁 𝑞 − 𝑞𝑔𝑜𝑎𝑙 

𝑑 𝑞, 𝑞𝑔𝑜𝑎𝑙 
, 𝑑 𝑞, 𝑞𝑔𝑜𝑎𝑙 > 𝑑𝑔𝑜𝑎𝑙

∗
                                                     (42) 

 

𝑑𝑔𝑜𝑎𝑙
∗  is the threshold distance from goal where the planner switches between quadratic and conic 

potential and 𝜁 is a scalar used to scale the effect of 𝑈𝑎𝑡𝑡. 

2.6.2 Repulsive Potential Field 

This potential field is used to create a repulsive potential boundary around the obstacle so that the robot 

does not cross the region covered by this potential. 

𝑈𝑟𝑒𝑝(𝑞) = {

1

2
𝜂 (

1

𝐷(𝑞)
−

1

𝑄∗
)
2

, 𝐷(𝑞) ≤ 𝑄∗

                           0    , 𝐷(𝑞) > 𝑄∗

                                                                                              (43) 
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𝐹𝑟𝑒𝑝(𝑞) = ∇𝑈𝑟𝑒𝑝(𝑞) = {
𝜂 (

1

𝑄∗
−

1

𝐷(𝑞)
) , 𝐷(𝑞) ≤ 𝑄∗

                    0        , 𝐷(𝑞) > 𝑄∗

                                                                          (44) 

𝜂 is repulsive potential scalar, 𝑄∗ allows robot to ignore obstacles far from it and 𝐷(𝑞) is distance of 

closest obstacle. 

2.6.3 Path Planning 

Based on the gradient descent method, starting at an initial configuration, a small step 𝛼(𝑖) is taken 

opposite the gradient 𝐹(𝑞). When the distance to goal is less than 𝛼(𝑖), algorithm stops. 

𝑥(𝑞𝑖 + 1) = 𝑥(𝑞𝑖) + 𝛼(𝑖)𝐹𝑥(𝑞)                                                                                                                        (45) 

𝑦(𝑞𝑖 + 1) = 𝑦(𝑞𝑖) + 𝛼(𝑖)𝐹𝑦(𝑞)                                                                                                          (46) 
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3 Methodology 

In this chapter, a detailed methodology employed in the research project is given. Assumptions made in 

the work will also be indicated and discussed. Specifically, the shoulder will be considered as a 3 DOF 

joint with range of motions being flexion, abduction and extension while the elbow as a 1 DOF joint for 

flexion and extension. The wrist will be a 3 DOF with range of motions being flexion, extension and 

deviation. 

3.1 Human Arm Model and DH Parameters 

The first step was to identify the model of the human arm applicable to the project. As mentioned earlier 

in Section 2.2.1, the human arm possesses 30 DOF but redundant DOFs are ignored for easier kinematic 

modelling. Al-Faiz et al [3] proposes a 7 DOF anthropomorphic arm as a realistic approximation of the 

human arm. Figure 7 below is the adopted kinematic humanoid arm. 

 

Figure 7: Human arm model [3] 

The kinematic humanoid arm is composed of two spherical joints (each with 3 DOFs), the shoulder joint 

S and the wrist joint W with the elbow joint E modelled as a hinge joint. The shoulder joint was taken 

as the frame of reference with l4 and l5, the lengths of upper and lower arms, respectively. From this 

model and following the procedure for obtaining DH parameters explained in Section 2.2.1, Table 1 was 

obtained. 
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Table 1: Humanoid Arm DH Parameters 

 

Apart from the DH parameters required for equations (1) and (2) for forward kinematics, Table 1 also 

includes the desired joint angle ranges. Human arm have constraints and hence the requirement of the 

joint limits for the humanoid arm. The arm lengths 𝑙4 and 𝑙5 taken as 0.3m and 0.25m, respectively but 

could be adjusted as required. For the 3R manipulator, the lengths were taken as 2m, 3m, and 2m but 

can be freely chosen. 

3.2 Redundancy Resolution Techniques 

Vital to the project was the determination of the appropriate inverse kinematic method that would 

achieve the objectives mainly of avoiding singularity. Due to the fact that JP and JT methods possess 

similar singularity behaviour and the focus of the work is singularity avoidance, only JP technique will 

be considered together with DLS and SVF+SDLS methods. For simplicity, condition number, 

manipulability, joint angle trajectory and resource utilisation evaluations were done on 3 DOF planar 

manipulator. 

 

To realise the inverse kinematics solution, the iterative algorithms below were used. To do this, a desired 

end-effector pose is required. 

Given: 

𝑥𝑑 = 𝑓(𝑞): Desired end-effector pose 

𝑞_{𝑘 = 1}: Initial joint configuration 

𝑇: Period 

𝑁: Number of intervals with length of each interval ∆𝑡 = 𝑇
𝑁⁄  

For 7 DOF humanoid arm, initial joint configuration set as: 

𝑞1, 𝑞2, 𝑞4, 𝑞5, 𝑞6, 𝑞7 = 0 𝑟𝑎𝑑 and 𝑞3 =  𝜋 𝑟𝑎𝑑 

Frame Joint i 𝒒𝒊 

[rad] 

𝒅𝒊 

[m] 

𝒂𝒊 

[m] 

𝜶𝒊 

[rad] 

𝒒𝒊 Lower Limit 

[rad] 

𝒒𝒊 Upper Limit 

[rad] 

1 𝑞1 0 0 𝜋 2⁄  −𝜋 180 ∗ 30⁄  𝜋 180 ∗ 180⁄  

2 𝑞2 + 𝜋 2⁄  0 0 𝜋 2⁄  −𝜋 180 ∗ 50⁄  𝜋 180 ∗ 180⁄  

3 𝑞3 0 0 −𝜋 2⁄  −𝜋 180 ∗ 110⁄  𝜋 180 ∗ 80⁄  

4 𝑞4 0 𝑙4 𝜋 2⁄  𝜋 180 ∗ 0⁄  𝜋 180 ∗ 145⁄  

5 𝑞5 0 𝑙5 −𝜋 2⁄  −𝜋 180 ∗ 85⁄  𝜋 180 ∗ 90⁄  

6 𝑞6 + 𝜋 2⁄  0 0 −𝜋 2⁄  −𝜋 180 ∗ 45⁄  𝜋 180 ∗ 15⁄  

7 𝑞7 0 0 −𝜋 2⁄  −𝜋 180 ∗ 85⁄  𝜋 180 ∗ 85⁄  
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3.2.1 Pseudo-Inverse (JP) and Damped Least Square Methods (DLS) 

1. From 𝑞_{𝑘 = 1} calculate the corresponding initial end-effector pose 𝑥1 

2. Calculate the error between desired and current poses 

 𝑒𝑘 = 𝑥𝑑 − 𝑥𝑘 

3. Calculate the Jacobian 

4. Determine the end effector velocity 

 𝜉𝑘 =
𝑒𝑘

(𝑁+1−𝑘)Δ𝑡
 

5. Calculate the joint rates corresponding to end-effector velocity 

 �̇�𝑘 = 𝐽(𝑞𝑘) 𝜉𝑘 

The Jacobian J can either be pseudo-inverse, damped least square or Jacobian transpose, etc. 

6. Find new joint configuration 𝑞𝑘 by integrating joint rate obtained in step 5. That is 

 𝑞𝑘+1 = 𝑞𝑘 + 𝜉𝑘Δ𝑡 

7. Find new end-effector pose based on the new joint variable 𝑞𝑘+1 

𝑥𝑘+1 = 𝑓(𝑞𝑘+1) 

8. Repeat steps 2 to 7 for 𝑘 = 1, 2, 3,… ,𝑁 

 

 

3.2.2 Singular Value Filtering plus Selectively Damped Least Square (SVF+SDLS) 

1. From 𝑞_{𝑘 = 1} calculate the corresponding initial end-effector pose 𝑥1 

2. Calculate the error between desired and current poses 

             𝑒𝑘 = 𝑥𝑑 − 𝑥𝑘 

3. Calculate the Jacobian 

4. Decompose the Jacobian into svd. Filter the J matrix as explained in Section 2.4.4 

5. Form a new Jacobian using the filtered J. 

6. Use SDLS to find the new joint variable Δ𝑞 

7. Using the found joint variable, update the joint variables 

 𝑞𝑘+1 = 𝑞𝑘 + Δ𝑞 

8. Find new end-effector pose based on the new joint variable 𝑞𝑘+1 

𝑥𝑘+1 = 𝑓(𝑞𝑘+1) 

9. Repeat steps 2 to 8 for 𝑘 = 1, 2, 3,… ,𝑁 

3.2.3 Avoiding Singularities Due to Euler Angle Parametrisation 

As described in Section 2.4.6, singularity problems resulting from use of minimal parameterisation of 

attitude like Euler angles can be avoided by switching from singular to singularity free angle sets. The 
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asymmetric to asymmetric angle set switching was preferred due to the fact that as opposed to 

checking two triggering points 0o and ±180𝑜 in symmetric to symmetric switching, only ±90𝑜 is 

checked, making algorithm more manageable. Mohamed et al [8] shows the angle set switching 

algorithm. 

Table 2: Asymmetric to Asymmetric Set Switching 

Asymmetric singular Angle Set 

lmn  

Asymmetric Singular-Free Angle Set 

lnm, mln 

123 132, 213 

132 123, 312 

213 231, 123 

231 213, 321 

312 321, 132 

321 312, 231 

 

Table 2 shows a singular angle set on the left with the singular free options on the right. In the 

implementation, the angle sets in bold text were selected (any one of the two can be selected). The 

critical switching point was chosen to be |±89.5o| or 1.562 rad, an angle in the vicinity of the singular 

angle set, ±90𝑜. Below is the switching algorithm used: 

1. First set the critical switching angle, 1.562 rad 

2. Extract the Euler angles from homogeneous transformation matrix into roll, yaw and pitch 

3. Test the mid angle against the switching angle. If the condition is true, switch to the 

alternative set, otherwise maintain the set 

4. If using alternative set, test mid angle against the switching angle. If condition is true, switch 

to alternative set, otherwise maintain. 

5. The main set or alternative set becomes the new Euler angle representation. 

 

Switching the joint updated Euler angles from homogeneous transformation matrix only meant 

subtracting wrong components in the 𝑒𝑘 = 𝑥𝑑 − 𝑥𝑘 as only the 𝑥𝑘 is switched . Therefore, to obtain the 

appropriate error, the orientation part of the desired end-effector part in 𝑥𝑑 needed to be switched in 

accordance with angle sets before reconstructing the 𝑥𝑑. 

3.2.4 Desired End-Effector Pose 

As mentioned in Section 3.1, for the 7 DOF humanoid arm, any radius within 0.55m (0.3m + 0.25m) 

was considered reachable, otherwise unreachable workspace. For the 3R planar manipulator, the 
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reachable workspace was within the radius of 7m (2m +3m +2m). During this work, therefore, the 

following desired poses were used for the humanoid arm and 3R manipulator, respectively. 

3R Planar  

Reachable Workspace  𝑥𝑑 = [4, 4] 

Unreachable Workspace  𝑥𝑑 = [6, 6] 

7 DOF Humanoid Arm 

Reachable Workspace  𝑥𝑑 = [0.1, 0.2, 0.23, 1, 0.9, 2.0] 

Unreachable Workspace  𝑥𝑑 = [0, 0, 0.9, 1, 0.9, 2.0] 

3.2.5 Obstacle and Joint Limit Avoidance 

To implement the obstacle avoidance algorithm using the artificial potential field method, a world of 

specific radius (reachable workspace) was considered with an obstacle (more obstacles can be 

considered) of a certain radius. Parameters below were used in the implementation 

World radius = 0.6𝑚 

Obstacle radius = 0.2𝑚 

Attractive scalar 𝜁 = 0.005 

Repulsive scalar 𝜂 = 0.0000000049 

Threshold distance between comic and quadratic 𝑑𝑔𝑜𝑎𝑙
∗ = 0.1𝑚 

Repulsive Force Area 𝑄∗ = 0.1𝑚2 

As indicated in Chapter 2, most of these parameters are picked by trial-and-error and no other 

mathematical technique is available. The desired end-effector pose 𝑥𝑑 was deliberately chosen close to 

the obstacle. 

 

For joint limit avoidance, the kinematic optimisation is a full-time task method that is able to monitor 

joint limits continuously as opposed to gradient projection method. Hence preferred for the task. 
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4 Results and Discussions 

This chapter presents and discusses the results using the process and assumptions set in Chapter 3. 

Algorithms in Sections 3.2.1 and 3.2.2 were used. A 3R planar manipulator will be used for technique 

evaluation considering condition number, manipulability, joint trajectory and resource utilisation before 

being applied to the 7 DOF manipulator. As already mentioned, only JP, DLS and SVF+SDLS methods 

will be investigated. 

4.1 Redundancy Resolution Evaluation on 3R Manipulator 

Disregarding Euler angle discussed in Section 2.1, following metrics were used on 3R manipulator. 

4.1.1 Condition Number 

The condition number test enabled the determination of the technique to avoid the singular configuration 

and joint error dependence on gain but is unable to mathematically determine the source of singularity. 

Equations (16), (26) and (32) were used for JP, DLS and SVF+SDLS, respectively. 

 

Evaluation Criteria: A condition number of 1 is more desirable with 0 depicting the presence of singular 

configuration. Apart from singularity detection, a high condition number entails the dependence of error 

on the end-effector pose and the high joint rates. A perfectly bounded condition number is most desired 

as it entails smooth trajectory and predictable response. 

Figure 8 and Figure 9 show the condition results obtained for a 3 DOF manipulator. 

 

Figure 8: Performance inside workspace 
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Figure 9: Performance outside workspace 

From Figure 8, it was observed that the JP method approaches infinity in the beginning which would 

imply high joint rates. The DLS technique showed better performance except for the high jump that 

occurs at λ, the set damping factor, with amplitude of 1 2𝜆⁄  before it settles. However, the SDF+SDLS 

shows a perfectly constant condition number.  

 

In Figure 9 the same experiment was performed but for change in the desired end-effector position to 

outside the workspace. The idea was to stretch the manipulator for investigation into the arm 

singularities. It was observed that SVF+SDLS had the best constant condition number across all 

iterations with JP’s condition number growing to infinity as iterations increase. 

4.1.2 Manipulability 

Continuing investigating the redundant resolution techniques on a 3 DOF planar manipulator, 

manipulability of the methods was considered. The desired pose was considered to be outside the 

workspace only. Equation (14) was used for this task. 

 

Evaluation Criteria: The desire is to have as high the value of manipulability and avoid reaching zero, 

singular posture. High manipulability measure means a more dexterous manipulator. A smooth plot also 

entails smooth movement of the end-effector and therefore necessary. 
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Figure 10: Manipulability outside workspace 

Figure 10 shows the manipulability of the three techniques. The manipulability enabled to determine the 

Jacobian matrix rank deficiency. A manipulability of zero means the Jacobian is rank deficient and, 

therefore, in a singular posture. It can also be thought of as the measure of ellipsoid volume. The higher 

the value of manipulability, the easier and faster with which the end effector can be moved. Therefore, 

a zero manipulability means the end-effector cannot be moved in that direction. 

 

Looking at Figure 10, JP and DLS (zoomed-in version on bottom), tend to reach zero point and are not 

smooth as compared to SVF+SDLS method. Though the SVF+SDLS is closer to zero, it does not reach 

zero at any point in the iteration. From this investigation, the SVF+SDLS showed that the Jacobian 

matrix is never deficient and, therefore, does not experience singularity across all iterations. Though the 

manipulability is a bit closer to zero, it is never zero meaning the end-effector is moved, albeit, at small 

rates. 
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4.1.3 Joint Angle Trajectories 

Vital to the project was investigation of the joint configuration behaviour. Still working with 3 DOF 

planar manipulator, a trajectory that forces the manipulator to be in singular posture was chosen by 

selecting a desired end-effector pose outside the workspace. 

 

Evaluation Criteria: Good inverse kinematic method to produce smooth joint angle trajectories with no 

sudden high jumps or deeps and no alignment of joint angles. Figures below show the results obtained 

 

Figure 11: JP joint motion through singularity  

 

Figure 12: DLS joint motion through singularity 
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Figure 13: SVF+SDLS joint motion through singularity 

It was observed that in all techniques, some joint angles were aligned. This is an indication of two joints 

in similar configuration and loss of one degree of freedom. The loss in degree of freedom entail the end-

effector is unable to move into certain postures. Apart from the SVF+SDLS algorithm in Figure 13, the 

other two techniques in Figure 11 and Figure 12  showed a lot of variation in joint angles. This indicated 

presence of joint gains as a result of singularity. Though SVF+SDLS lost one DOF, the evidence of 

smooth trajectory suggested high gains that might result into high joint velocities are still avoided. 

4.1.4 Computation Requirement 

Having investigated the techniques using various methods itemised above, it was necessary to 

understand the resource utilisation for these methods under review.  

 

Evaluation Criteria: The best method should be able to reach the desired pose in least number of 

iterations. Table 3 below shows the computation requirement for each technique with regard to set 

acceptable error norm, that is, ||�̅�𝑘||2. 

 

Table 3: Inverse Kinematics Method Computational Requirement 

 Required Iterations 

             Error Norm 

Method      
0.01 0.001 0.00001 0.0000001 

JP 89 97 98 98 

DLS 88 98 99 100 

SVF+SDLS 7 9 9 10 
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It was observed that the SVF+SDLS method took, on average, 10% of iteration as that required by the 

other two methods for the same error norm. Setting same error norm meant all the methods were tested 

considering identical requirements. 

4.1.5 Preferred Method: SVF+SDLS 

Based on the results of comparison steps discussed above, the SVF+SDLS method was preferred 

because: 

 It showed best flat bounded condition number 

 It gave the best manipulability across all iterations with no possibility of zero manipulability 

 It proved to produce smooth joint trajectories meaning no high joint rates as opposed to the 

other two methods 

 It has the best resource utilization among the three methods 

These results were obtained using a 3 DOF planar manipulator. The SVF+SDLS, however, needed to 

be investigated on a 7 DOF humanoid arm. 

4.2 Redundancy Resolution on 7 DOF Humanoid Arm 

As opposed to the 3R planar manipulator considered in the previous stages, in this section, the 

SVF+SDLS method was now applied to the 7 DOF manipulator. The notable difference between the 

two manipulators being that the 7 DOF requires pose description in 3 dimension (3D), that is, three to 

describe the end-effector position and another three to describe the orientation. 

 

Without going through all the investigation as performed in the 3R planar manipulator, only the joint 

angle trajectory was enough to determine the performance of the SVF+SDLS method on the 7 DOF 

redundant manipulator. Same criteria as in Section 4.1.3 is applied. Figure 14 shows the results obtained. 
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Figure 14: Initial SVF+SDLS trajectory test 

From Figure 14 it was observed that there were sudden high jumps and deeps in the angle trajectories. 

Joint angles were also seen to be aligning. These indicated the presence of high joint gains as a result of 

singularities and singular configurations. This new problem could be attributed to the inherent 

weaknesses of Euler angles in orientation representation as was noted in Section 2.1. To remedy this, 

the process in Section 3.2.3 is applied. 

 

After implementation of the Euler angle set switching algorithm considering end-effector pose outside 

the reachable workspace, Figure 15 was obtained. 

 

Figure 15: Joint angle trajectory with Euler angle switching; outside workspace 
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Compared to Figure 14, the implementation of Euler angle switching resulted into joint angle trajectories 

that are smooth without sudden high jumps and no alignment of joint angles. Effectively, singularities 

and singular postures were eliminated. 

4.2.1 Joint Limit Avoidance Using Kinematic Optimisation  

Kinematic optimisations approach was used as it is a full-time task method compared to gradient 

projections method. The target is to have joint angles that operate within the boundaries set in Table 1. 

Figure 16 below shows the results obtained. 

 

 

Figure 16: Joint limit avoidance using kinematic optimisation 

Comparing the results obtained in Figure 16 with the joint limits set in Table 1, it was clear that the 

method was not effective for the task. This is due to the presence of ball-and-socket (spherical wrist) 

joints that are interdependent and imposing joint limits when parametrised using Euler angles become a 

challenging task. 

4.2.2 Incorporating Obstacle Avoidance 

To implement the obstacle avoidance algorithm using the artificial potential field method, parameters 

given in Section 3.2.5 were used. The end-effector is required to be outside the obstacle perimeter. 

Figure 17 shows the result of incorporating obstacle avoidance. 
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Figure 17: End-effector path with obstacle 

It was observed that the end-effector could always be repelled closer to the obstacle boundary, thereby, 

avoiding hitting the described obstacle. The selection of scalar parameters by trial-and-error proved not 

so effective and feasible. Several attempts needed to be made to achieve the desired results.  
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5 Conclusions 

In this chapter, the main results of the thesis work is presented. Furthermore, recommendations of future 

work either as continuation or refinement is suggested.  

5.1 Summary of Results 

In this thesis work, a redundancy resolution inverse kinematics technique is proposed that eliminates the 

problem of singularities common with humanoid arm. Secondary to this requirement is the incorporation 

of joint limit avoidance and obstacle avoidance that might be relevant in robotics. 

 

Using the SVF+SDLS technique, experiments in Chapter 4 showed elimination of singularities while 

maintaining a 7 DOF redundant manipulator. On the workspace boundary and slightly beyond, this 

method proved no singularities occurred. This has been achieved with no mechanical adjustments or 

additions to the kinematic model of the arm as proposed by other similar works [4] [5] [6] but 

maintaining the simple serial kinematic chain. If desired end-effector pose is taken as first task, the 

technique is still accurate enough to achieve the desired task while performing acceptably well with the 

singularity avoidance task. It also has the best resource utilisation among the techniques reviewed. 

 

The importance of arm in robotics cannot be over-emphasised, it performs the task of moving the hand 

and maintaining it in the desired position as required. Therefore, high performance of the arm is always 

a requirement. The contribution of the results of this thesis will, therefore, be vital in future endeavours. 

The elimination of singularity problem and the undesirable effects of it will mean robot-human 

interaction is less risky too. The inverse kinematics technique employed can also be used in other areas 

of inverse kinematics problems that require the benefits that come with it. 

5.2 Recommended Future Works 

Singularity avoidance in humanoid arms is one challenge but not entirely enough to realise a perfect 

human-arm-like performance. As mentioned in [7], human arms take advantage of singularities to 

compensate for weak actuation. A study on how these singularities could be utilised while avoiding their 

negative effects will be step worth pursuing. A continuation on this work would also involve research 

on the best way of enforcing joint limits as opposed to the available approaches that proved ineffective. 
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