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Abstract 
 

Many kinds of data have a spherical representation, the idea is to tessellate 
the "sphere" in an efficient way and then decode the data so it can be 
compressed easily. In this paper, the process of exploration will start from 
the basic spherical wavelet-like to some new tessellation compression 
techniques in 3D to decompose the sphere with squares or triangles. The 
produced tessellation will have more round corners and the artefacts will be 
less prominent. Earth map will be textured on the sphere to compare the 
effect of different compression techniques.
Keywords: sphere, wavelet, triangles, squares, compression techniques,   
spherical wavelet-like method, tessellation, earth map
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1 Introduction  

Tessellations in mathematics means the shapes which tessellate cover the plane 
without gaps and without overlapping. In 2D case, the Euclidean plane (2D plane) only 
can be regular Tessellations into three types of polygon. [1] 
 

 
 

Figure 1.The Three Regular Tessellations on the Euclidean Plane 
 
Tessellations do not have to be confined to 2D (surface). The concept can be extended 
to 3D space. One of the best examples of 3D tessellation is a sphere they can be 
tessellated to triangles, or squares, and dodecahedron. [2] 
This paper is about tessellation of the sphere with several compression techniques, 
since there are several of spherical representations for different categories of data, 
such as BRDFS, environment maps etc. From this point, we could know that the 
expression of the spherical would affect the ease of the compression and the time 
consuming of the compression. And we will tessellate the sphere into Spherical 
Wavelet-like (triangles) [3], and squares. Through analysis the five compression 
techniques tessellate the sphere to find out which one is the better one to improve the 
compression techniques and avoid the artefacts that appear sharp edges. 

 
1.1 Problem definition 
 
This project is to comprehensive analyze the five compression techniques, e.g. 
Icosahedron subdivisioned to a sphere, subdivide the sphere by Longitudes and 
latitudes, subdivide the sphere with squares or quads (i.e. cubed sphere), spherical 
wavelet-like compression and triangulate the vertices on the sphere. Hence, study the 
theory of the five techniques and realize them to tessellate the sphere are the main 
purpose of this paper, and which one is the suitable one to tessellate the sphere would 
be suggested also. 

 
1.2 Aim 
 
The aim of this diploma Work has two perspectives: 
The technical perspective: 
Exploring the five algorithms of tessellation, how to implement them and tessellate the 
sphere by the recursive function in order to get the maximum subdivision. Then map 
the earth texture on the sphere based on the sphere tessellated by some of the five 
compression techniques. 
The other perspective: 
Studying more knowledge of the spherical wavelet-like, since it is the basic method to 
make the tessellation on the sphere, but it is a little bit complicated and generates more 
components. Hence, try to find out more potential tessellation technique.  
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1.3 Prerequisites and requirements 
This work is based on the following prerequisites and requirements. 
 
1.3.1 The technical perspective 
1.3.1.1 Assessment criteria 

1) The technique avoids the artefacts that appear for sharp edges? If good, it 
would be a better one technique of tessellation. 

2) The decomposition and reconstruction algorithms are easy for the 
compression technique? If it is easy, it would be the better one. 

1.3.1.2 Requirements 
　　    • Learning the mathematical methods of the compression technique. 

• Rendering the tessellated sphere of each compression techniques respectively.  
• Mapping the texture on the sphere to simulate the earth. 

 
1.3.2 The other perspective: 
Over the last decade wavelets have become an exceedingly powerful and flexible tool 
for computations and data reduction. On the contrary, tessellation of the sphere into 
squares or triangles would be interested and has the high feasibility of the compression. 
They would have the quality tessellation on the sphere. 
 
1.3.3 Delimitations 
• The work will not focus on much of the compression ratio and the professional 

technique of compression, mostly focus on the effect of the tessellation. 
• The programming problem is not the important part of this work, therefore, the 

focus is on the algorithm and the practical value. 
•  This work will not require the higher simulation of the objects. 
 
1.4 Methods 
 
The work includes these work methods: 
•  For getting familiar with the tessellation of the sphere, theory studies was done 

using both the internet and the material given from the supervisors. 
•  For further definition of requirements for the five compression techniques, 

information was gathered by: 
o Rendering the five tessellated spheres with the corresponding compression 

techniques with MATLAB. 
o Calculating the five techniques follow by their mathematical methods. 

•  For information about the tessellation techniques, decomposition and reconstruction, 
the main source were from the supervisor. A lot happens in this area at the moment. 

•  For rendering the tessellated sphere in MATLAB, the basic skill was discussion in 
the technical forum on website. 

 
1.5 Organisation of this report 
 
This report is divided into seven chapters: 
Introduction – (this chapter) is an introduction to the subject, the problem definition and 
the aim of this Diploma Work. It also describes the prerequisites. 
Theoretical background – is aimed to give the reader some background information 
for better understanding of the concepts and the aspects discussed in this work, also 
some mathematical algorithms discussed in this chapter. 
Related work – presents the idea and the result of some techniques which have been 
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figure out by the researcher related to the topic of this paper. 
Design and Implementation – presents the ideas, discusses the features and 
discourse how this five algorithms been realized in MATLAB and c#.    
Result image – figure out the screenshot of five techniques along with the 
correspond configuration. 
Discussion – is aimed to analysis more detail of the five techniques corresponded to 
the images in the result image part and discuss the work process during the 
programming. 
Conclusion – is a short chapter summing up what has been achieved and the 
proposal of the future work to improve this Diploma Work. 
 
After the last chapter, followed by a list of references to the sources of information of 
this work. 
 

2 Theoretical Background 

2.1  The transform of data compression  
There are three steps about the transform compression of a function. They are 
transformation of a function, quantization and entropy encoding. Normally, the 
information would be discarded during the quantization, the other two steps would not 
have this situation happen. Also, the transform of a function and the entropy could 
inverses and are reversible. 
 
(1) The function has been turn to the reversible linear transform function, since make 

its information (entropy) into a lower dimension subspace, means to simplify its 
description. Most of the techniques could realize this process, for example, 
wavelet transform. 

(2) Quantization of the coefficient of the function. Example for scaled. It needs to 
projection the function to one of the lower dimension subspace in which the 
entropy is concentrated. The information would be discarded to the projection. 
Sometime maybe the information is important. i.e., people have compressed the 
image for a long time, then the information like high spatial frequencies would be 
discarded. Also the listening entropy at above 20KHz of the audio compression is 
the same as the image would be discarded as imperceptible. 

(3) The suitable encode technique could be used to the main coefficients after the 
quantization. Though the values of the main coefficients are not equally likely, 
many zero values would be generated after the transformation and quantization 
step. So the entropy compression technique been used to make a geometric 
location of these zeros. Zerotree [12 14] is a technique to solve the problem about 
the geometric location getting heavily.  
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2.2 Haar wavelet 

 
Haar wavelet compression technique is a common used method on image 
decomposition and reconstruction. At the same time, this idea is not new to compress 
images. There are both advantages and disadvantages of this technique when 
processing the compression of the image. First, Haar wavelet has a fast computation 
speed on image decomposition and reconstruction. Then, the compression ratio of the 
reconstruction is very high, it is good for stored with a small capacity and easy to be 
uploaded through the web. In addition, it is easier for image analysis and process, for 
example, the amazing result when compressing a regular photo. On the contrary, one 
of the most disadvantages is that this technique would generate lossy image, because it 
has less data or value than the original image. Therefore, it would become more blurry 
as the original one. Though its disadvantages, it is very much worth while to use. Like 
JPG 2000 is use this method.
To understand the principle of Haar wavelet compression, I give one simple example.  
We imagine a 1D image, the properties of this image is it has a resolution with four 
pixels, which contains the values are (8 6 1 9). Using the Haar wavelet to represent 
this image, the first step is to average the pixels together.(7=(8+6)/2、5=(1+9)/2) 
Then, we can get a lower resolution image which owns two pixels (7 5). Obviously, 
there is some information or data have been lost in this step. To recover the original 
pixels values from the new two pixels, we should store some detail coefficients. It is 
calculated by the differences of (8 6) and (1 9), and divided by 2 each other. (-1=(6-
8)/2、4=(9-1)/2). Next, repeated this process until we get only one pixel of the 
resolution. We also get a sort of detail coefficients be shown in Table 1. 
 

Resolution Averages Detail Coefficients 
4 8 6 1 9  
2 7 5 -1 4 
1 6 -1 

Table 1: Decomposition the image to lower resolution with Haar wavelet 
 
As a result, based on the Haar wavelet transform of the original image, its values 
becomes (6 -1 -1 4). This recursively averaging and coefficients also called filter 
bank. In the same way, we can reconstruct the image back to any one resolution. By 
adding the detail coefficients or subtracting the detail coefficients begin with the 
smaller resolution. 
The error tree is often used by the researcher to explain and understand of the crucial 
properties of the Haar wavelets decomposition. In other words, error tree is a 
hierarchical structure generated based on the wavelet decomposition. The figure 
shown below we can see the leave stand for the wavelet coefficient. The root 
represents the original data. We can use the depth of the tree to correspond to the 
resolution level in the whole decomposition. 
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Figure 3.  Error tree 
 
 
To implementation or work on the image using the Haar wavelets decomposition 
would like Figure 4. As said in [4], the author assume the image as a quad-tree which 
the root correspond to the image, and which the descendants as the subdivided regions. 
So the decomposition process would start form the leaves to the root. It treats the 
colour values of the leaves as the average colour of the corresponding pixels area. We 
can see the one average colour CLL ,CHL,CLH and CHH are recursively decomposed 
by the four colours c1,c2,c3and c4 using the Haar wavelet transform. 
 
 

   
(a)                                                        (b) 
 

Figure 4. Wavelet Decomposition [4]  
 

The four values can be used to the vertical and horizontal filters, which CLL contains 
the average of pixel color in the sub-regions, CHL,CLH and CHH represent the detail 
information of how different of the color in the sub-regions. The same as the Figure 
4(a), when the image doing the decomposition, the four color pixel are replaced by the 
average color and the detail information container, then the average color would be 
decomposed repeatedly.  The image would be turn into a wavelet image and be stored 
in an array with the suitable coefficients array. 
 

          (1) 
In Figure 4, we can also learn how an 128 x 128 RGB image be decomposed in [4]. If 
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we set three bytes for each pixel, after three times doing Haar wavelet transform.  LL1 
is the first level averages are decomposed repeatedly and the blocks HL1, LH1 and 
HH1 contain the coefficients. LL3 which contains 16 x 16 blocks average colours. 
Initialize four bytes each channel, when the decomposition finished, the coefficients 
are stored as one bytes per channel, hence, there are three bytes each pixel. Normally, 
the minimum is 10 bits each channel, it must be dealing repeatedly, but Haar 
transformation is the simple computation method. Figure 4(b) show out the three times 
wavelet decomposition effect on the real image. 

 

2.3  Wavelet for Computer Graphic 

The aim of compression is to transform a given set of data to some smaller set of data, 
during this process, it would be with of without loss of information or details. Always, 
the data set is consists of the coefficients as mentioned above. So we should find out 
the fewer coefficients to realize the good compression. In [6] coefficients ci (reducing 
the number of coefficients) and error tolerance ε (if be the lossless compression, ε=0) 
would be found are the factors affect the data compression.  
 
Date back to the history of computer graphic, multi-resolution techniques or hierarchy 
is commonly used in this field. Even most of the recently approaches got the important 
breakthrough via the introduction of the framework of wavelets. Wavelets have a lot 
of efficient and it is a easy method to implemented. So it has already or having great 
impact on computer graphic nowadays: 
 
○ Image processing and compression: some of the mostly using techniques for 
image analysis are based on the wavelet transform method. 
○ Volume rendering and processing: the huge data sets can be compression or 
feature detection through the wavelets. 
○ Global Illumination: today the wavelet radiosity algorithms has been proof is 
faster than other techniques to realize the illumination. 
○ Hierarchical technique: the accelerates and predigestion of the surface and the 
curve could used the multi-resolution representations. 
○ Animation: the wavelets can faster to solve the large constrained optimization tasks 
which the problem of physically on the animation subject. 
 
Some of the interesting con-structure wavelet and extension of classical wavelet have 
been explore by the researcher in the field of computer graphic application. Such as, 
spherical wavelet, matrix-nullspace wavelet[7], new wavelets noise reduction tool, 
spline wavelets, basic lifting scheme wavelets and so on.

2.4  Spherical wavelet-like 

It is a wavelet to achieve spherical geometry compression algorithm. For a given 
arbitrary topology triangle meshes of genus zero, the algorithm first to make the unit 
of the sphere to obtain the global parameters of a parameterized mesh, then, 
breakdown a regular polyhedron and projected the new vertex produced by each 
subdivision onto the unit of the sphere, so to generate a sub-grid. Then, sampled the 
various geometric signal which in the surface in the definition of the parameters of the 
grid within the parameters of the sub-grid. It can award the new and with the sub-
structure signal approximation of the original geometric signal, thus to meet the 
requests of the sphere subdivision wavelet do the sub-structure of the processing 
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object. Therefore, it can achieve the goal that compress the geometric signal with the 
spherical subdivision. 
A very typical example is shown in Figure 5. It used the lifting to construct the 
wavelet-like on sphere [8]. This construction begins with the tessellation of the sphere 
into the spherical triangles cells, along with the vertices and the edges. This is start 
from the octahedron or Icosahedron (basic complex). Next, in [9] the basic complex 
recursively subdivided, each triangle is subdivided in to four small triangles and three 
edges inside the original triangle, and each edge of the original triangle would be 
subdivided into two edge from the midpoint vertex. This step would be recursively 
until requested the support of the desire wavelet. As shown in Figure 5, triangle 211 is 
one of the triangle on the sphere which subdivided based on the Icosahedron, 200 is 
the larger triangle represented by triangle 210, 212, 211 and 213. There are also 
mentioned in [8 9], the tessellation sphere each vertex has a data value, especially 
form [9], it would deal with values attached to vertices.  

 
Figure 5. Three different resolution of spherical wavelets 

 
In Figure 5, the sphere construction starting with the Icosahedron on the left, the 
middle and the right are the next 2 subdivision levels, respectively. [9]  
 
Aside from the interesting theory of the spherical wavelet-like, there are some 
practical algorithms and real application using the wavelet-like construction for the 
sphere in computer graphic. Such as illumination algorithms in [4], wavelet 
compression for 3D objects, data compression on the sphere [10], and simulation and 
modelling of reflection distribution functions.  

2.5  Algorithms   

 
Figure 6. Decomposition and Reconstruction on triangles 
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2 6 
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3

2 6 
5

Decomposition 

 
Reconstruction

This is a process of decomposition and reconstruction of the data or values in the 
triangles. It is also the simulation of the compression technique, like image pixels 
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values compression. We introduce this algorithm is easy for the reader to know how is 
the basic steps for compression and reconstruction of the data on the spherical 
wavelet-like. First, assume there are four values of light intensity inside represented on 
the four triangles in Figure 6, respectively. Values 2, 3, 6 are around the middle value 
5 of the four triangles unit. The first step, we calculate the average value of the four 
elements, it is (2+3+6+5)/4=4, at the same time, we can get the sum of the values is 16. 
Next, we take the decomposition process, this step we subtract the value in the mid-
position triangle with the peripheral triangles, so 3-4=-1, 2-4=-2, 6-4=2. Thus, the 
values of the three triangles which around the middle one have been decomposed into 
the new values, putting the average value 4 into the middle triangle so that the 
decomposition process finished. In the reconstruction step, there is something different 
to the decomposition. At the beginning, we get the value Sum through the formula 
Sum = mean x number of elements, so Sum = 4 x 4=16. Because when calculated the 
values in the decomposition step, the order it is from inside to outside, in which get the 
value of the middle triangle. On the contrary, we calculate the values of the triangles 
around the middle triangle at first. To get  these values, just use the average value 4 
minus the new values we get after decomposition, for this point, we can get back the 
original values 2, 3, and 6 inside the triangles which around the middle one. So how 
could we find out the values in the middle this time, we introduce a new Sum2 to 
compare the different between the Sum we get before, Sum2 is the sum value of the 
surrounding triangles, so Sum2= 2+3+6=11, when we finish the comparison of Sum  
and  Sum2, which is |16-11|=5. At last put this value into the middle triangle to 
complete the reconstruction process.   
 

2.6  Tessellation the sphere into squares  

As we know, spheres could be used to rendering with a rasterizer, like normal map or 
texture. The usually measurement is use the polar coordinates to construct the sphere, 
as well as the texture mapping cords. Because polar coordinates are the common 
parametrization of the sphere. But the problem of the singularities of the poles which 
cause by the mapping gets very contractive would occur due to the polar 
parametrization. For example, if someone would like to do the normal mapping on the 
surface, it must depend on more trigonometric functions, that means quite expensive 
to use the real-time shaders.  
In this section, we could step into the new tessellation method cubed sphere. Not only 
can solve the pole’s problem, but also the cubed sphere could have a good texture or 
tessellate method form a cube to the sphere. At the beginning, the basic theory we can 
learn by an author Paul A. Ullrich who worked in the Department of Atmospheric. In 
his article [19] have a good description of this compression technique. Also, this is the 
mostly effective algorithm for tessellation the sphere with the squares or say quads.  
Further, we look detail into this tessellate technique. The main idea of it is mapping 
the cube onto the sphere, the combination of this two individual items would generate 
a cubed sphere, which have been suggested by Sadourny [20] and Ronchi et al. [21]. 
As we know, the latitude–longitude mesh on the globe is a mesh tessellated by the 
quads and some triangles. But cubed sphere become more and more popular latest 
years and have been researched to use on the spherical globe. Since it does not have 
the problem of the singularities in the south and north poles. Instead of this, the cubed 
sphere grid has eight singularities which occur by the intersection of the three cube’s 
faces, it is sure that the eight singularities are weaker than the two strong original 
singularities. Because it is not necessary merge the meridians of the cubed sphere to 
the indicated two poles. Indeed, the cubed sphere is decomposing in to six identical 
areas. The reason why these six regions could be the same size due to the 
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circumscribed cube has been projected on to the sphere. So the cubed sphere could 
have the six identical regions. We can name this six parts as well as panels. From the 
view of the mathematical, there are eight singularities represented on the sphere which 
have mentioned above. Naturally, connecting every four singularities we could get the 
approximately square(which is a four curve side surface), and it has four angles in the 
corners where they all in the same angle size 120° shown as figure 7. Next, each panel 
would be continue to tessellated with several grids, such as, the gnomonic grid  and 
the cubic conformal grid [22]. In my application, the grid line used to refine the sphere 
would have the equal central angles which correspond to the center of the sphere. 
Because this rule could make each small square element has the similar size with its 
neighbor. Normally, the cubed sphere used to represent numerical computations for 
the partial different equations on the sphere. By Russell and Eiseman [24], we know 
this technique could implement the ocean circulation dynamics on the Earth which by 
construction of a boundary conforming grid suitable for simulating.  
In [25] the author introduces some interesting topics and properties of cubed sphere. 
It treat the cubed sphere grid geometry is generated with the finite-volumes. The 
formula defined below: 

         (2) 
 

Where   is the cell areas (the 4 curve sides spherical quadrilateral), internal angles 
 and R is the radius of the sphere. Thus, we can use this formula to 

calculate the cell areas. The main part of cubed sphere in [25] explains the four types 
of methods to generate the vertices of the finite-volume. They could show how good 
to form the orthogonality when across the edges of the cube faces. They are 
equiangular projection [27], gnomonic mapping [26], con-formal mapping [28] and 
spring dynamics generator [29]. And the grid resolution or the total number of cells of 
the cubed sphere equal M x M x 6, M is the number of the each cell’s edges. General 
speaking, the gnomonic mapping is insert the cube into a indicated sphere, then 
expanding the surfaces of the cube to the surface of the sphere, here the location 
coordinate system has been used to decide the faces of the cube and there is a 
transformation on the vertices of the cube to connect to the surface of the sphere. The 
gnomonic projection creates a sharp angle when across the edge of the cube surface. 
However, the conformal mapping can generate a smooth transition across the edges. 
Speaking to elliptic grid, it used the iterative relaxation to the first grid so that to 
accomplish the orthogonality constraints and the smoothness. Compare to the three 
methods before, spring use the dynamic 3D Cartesian coordinate system to deal with 
the orthogonality problem. The compression spring can made the grid more uniform.  
 

          
 

Figure 7. Mapping the cube to the sphere [23]   
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Table 2: characteristic of the grids [30] 

 
Table 2 could show the detail information of the grids where on the sphere under the 
different resolutions conditions. The data in this table as argue in [30] by Williamson 
under the triangular truncation.  Clearly to see it is based on the formula M x M x6, 
where Δx spacing of the grid around the equator, Aavg calculate the average area of all 
of the cubed sphere grid elements. Next, Amin and Amax is the value of the area of the 
minimum element and the maximum element, respectively. RLLequiv in the table it 
could figure out the degree of the equivalent grid spacing. Lastly, Tequiv is the type of 
the transform method using on the triangular truncation.  
 
 

 
               3    Related work 

BRDFS  

BRDFS(bidirectional reflectance distribution function) first be introduced by 
Nicodemus in [11] and [13], it is the basic method which used to the specific lighting 
reflection of the light direction wi and the observation direction wr. BRDFS also be 
taken to compute the spherical coordinates to the local coordinate system. Its unit is 
[sr-1]. The formula below shows the principia mathematica of BRDFS. 

          (3) 
Where Li coming from the direction wi , respectively wr is the incoming direction of 
Lr. BRDFS has some properties such as Non-negativity, Helmholtz reciprocity and 
Isotropy. 
In [11] can know that BRDFS is also a function defined on the hemisphere of 
geometrical aspect and for spectral aspect on real line R. Thus, wavelet transform also 
been used on these two space. [15] has a case of BRDFS for multi-resolution, i.e. 
finite energy functions over S2. A new constructs bio-Haar in Figure 8 show the 
extension of the original Haar in lifting scheme. Wavelet and scaling functions are 
defined of the original triangle and let the reconstruction getting fast. 
 

  (a) 
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   (b) 
 

Figure 8. (a) Spherical scaling function on BRDFS; (b) Spherical wavelets on BRDFS 
 
The represent and compression of the BRDFS are easy realized by spherical or the 
normal wavelet. While dealing with the data sets on the sphere only with a fixed 
wavelength, it would be defined on S2 x S2, means the incoming and outgoing 
direction encoded to a combination with the two spherical transform. But if the 
incoming and outgoing direction with a spectral one, it defined as S2 x S2 x R, it 
should also combination with the two spherical transform with a real transform. Since 
there could occur the compression error in each transform, so it is necessary to 
specific the error criterion. Normally in the isotropy, the outgoing direction of the 
principle plane automatic set to (ϕ=0°), in fact the BRDF value always recover by the 
rotation of ϕ°. Therefore, the spherical wavelet transform does not used in this 
situation, the necessary condition of the compression is the outgoing transform or the 
spectral one. For example, in the spectral BRDF, each triangle set the outgoing 
direction and stores all the spectral respond to it, at the same time, the whole values 
are stored in the spectrum, it is a 1D vector. During the spherical compression happen, 
the value would be deleted while the area of the value in triangle is lower than the 
threshold. Furthermore, the better way to do is compression on the sphere at first, then 
choose which spectra been eliminated through the spherical wavelet, at last, let the 
main spectra with the 1D wavelet. For the reason is that the threshold is a not a linear 
process, in case the reverse order chosen to compute the spherical transform, the 
computation and the precision are very poor. There is another problem in BRDF 
compression [17], the data sets always present as holes. It is different from the normal 
situation wavelet compression (based on the single two neighbor points have the same 
values, so data could be the approximated mean value). There is one technique called 
growing by regions which from image processing to fill in the spherical data (holes). 
This method is first to send all the data in the triangles, and then each triangle have a 
neighbor, copy its inside without the affect value, recursive this process until the valid 
triangle full of the sphere. 
Using the BRDFS to compress the data set, there are two factors would mainly affect 
the quality of the compression. They are also the variables changing along with the 
wavelet transform process. One of the factor is the compression ratio, it is a value that 
could show the ratio of the amount of the combustion chamber and also a basic 
criterion of the combustion engine [16]. In BRDF, the compression ratio normally 
greater than 90% is rational. In this stage, we can introduce another factor is the error 
square, it named root also.  For this root is directly corresponding to the wavelet 
coefficients norm, it often <5%. So, there is a regular pattern exists when the 
compression ratio is >95%, then the error square would be increasing of the 
compression. We can proof this principle in Figure 9. From the left is the Phong 
model for the BRDF, when the six steps of the compression, the compression which 
increasing gradually form 90% to 97%, the root (error square) is also been grew from 
0.0027, then 0.016 and to reach 0.021 while the compression ratio is 97%. The root 
jump to 0.03 as the ratio is 98%, there is 0.007 added to the root as the compression 
ratio high to 99%. When the ratio come to 100%, the value of the error square close to 
the criterion 5% which is 4.2%. 
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Figure 9. Compression example of a BRDF for an incoming angle of 50° 
         Global root mean square error for each compression ratio [17] 

 
In [17], the author used their own method to test the virtual measurement data set, and 
make a comparison to the technique Lalonde [18]. The result is their compression 
method is more efficient since the higher compression on the incoming directions. 
BRDF coherence is very important of the incoming hemisphere, it means that the two 
incoming directions are very close equal to the relate angle between the two directions. 
The Ladonde fails on it could not use the partial reconstruction, so it can not sample 
for both incoming and outgoing directions. As a result, BRDF has a lower relative 
RMS error in the comparable result in Figure 6 in [17]. 

4 Design and implementation 

This section is talking my own work of tessellation of the sphere with several different 
compression techniques. They are the Icosahedron subdivisioned to a sphere, 
subdivision the sphere by Longitude and latitude, subdivision the sphere with squares 
or quads (i.e. cubed sphere), spherical wavelet-like compression and triangulate the 
vertices on the sphere, respectively. Besides, the first three techniques would be 
mapped the earth map onto the sphere so that it could give the simulation of how these 
methods works in the field of Astronomy. Especially for tessellation of the sphere with 
the squares, there is one more interesting small program to illustrate the properties of 
the squares tessellation on the sphere. Next, I will discuss each techniques in the 
individual part with the aspects likes, the idea of the corresponding method, how to 
realize it and the features of the techniques.
 
4.1    Icosahedron subdivisioned to a sphere 
In geometry, the Icosahedron has 20 identical triangular faces with the same size, 12 
vertices and 30 edges. People also treated it as the regular polyhedron. For each vertex, 
there are five triangular faces meeting on that. The reference concept is reading from 
[35]. 
 
4.1.1 The idea of the Icosahedron subdivisioned 
The most basic technique to tessellate the sphere or any 2D case object is using the 
triangulate method in geometry. As has been mentioned in the spherical wavelet-like 
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part, the sphere tessellated to amount of triangles based on the wavelet transformation. 
So, the main concept of the Icosahedron subdivisioned to form a sphere, which is the 
reverse way to generate a sphere. It is applying the loop subdivisions to each face 
defining the approximation to obtain a more refined geometry. In [31], Principle of the 
subdivision that could illustrate the first subdivision step to a triangle. (i.e. The 
algorithm mentioned above part). The author also used three kinds of polyhedrons to 
perform the subdivision. There are Tetrahedron, Octahedron and Icosahedron. Thus, 
Icosahedron is the one be tested in this paper.  
 
4.1.2 How to realize the Icosahedron subdivisioned 
In MATLAB, the sphere generated from the Icosahedron would be supposed to 
be of a unit radius and the center be set in (0, 0, 0). The first step of the whole 
process is to make a Icosahedron, so the 12 vertices and the 20 triangles need 
to represented. They would be built based on Jon Leech coordinates [32]. It set 
the position of each vertices, and links these vertices to each other by the 
specific structure, which the index would be tx (0<x<20) in my m-file of 
MATLAB to stand for the triangles and px (0<x<12). Then, some identical 
points would be sent into the points array. They are used to generate the new 
triangles by form the new edges at first. Therefore, each faces or triangles of 
the Icosahedron under the recursive subdivision like the figure 10 so that to 
propagate the neighbor triangles around the Icosahedron. Figure 10 below 
could worth for a thousand words to explain the process. 

p1 
/\ 

/t1\ 
p6/ ___\p4 

/\         /\ 
    /t4\  t2 /t3\  
 / ___\  /___\ 

 p3      p5       p2 
Figure 10. Allocate new triangles (p4, p5 and p6 are the points sent to the points array to 
generate the three new edges and t1, t2,t3 and t4 are the specific structure of the triangles. 
 
4.1.3 Features of the Icosahedron subdivision 
In my Icosahedron model, the user could input the integer n to indicate the number of 
subdivisions. Obviously, the greater n the better smooth surface would be looked, but 
it would also spend much time for the surface construction and more triangles could 
be generated. Speaking to the sphere center in different location rather than default in 
the (0, 0, 0) or with the different radius, it just need to translation and scaling 
transformation. Triangles are desirable because they are flat, easy to rasterizer, and can 
always be interpolated unambiguously, it is better for decomposition and compression. 
Icosahedron subdivision in the above technique is quite efficient, due to good 
triangulated model which requires a minor number of patches for the same 
geometrical resolution accuracy.  
 
4.2   Cubed sphere subdivision 

4.2.1 The idea of the Cubed sphere  

  13 
   

To subdivide the sphere with the squares or quads, the best technique is cubed sphere. 
Since it is the fast projection method from the cube to the sphere, and cube is the best 
3D object to be refined by the squares. Taking about the decomposition of the sphere, 
a variation of the composite mesh finite, cubed sphere can better to subdivide the six 
grids in terms of the symmetry. The concept is from [36] Math proof by PHILIP.   

    
 

   
 

 



 

 
4.2.2 How to realize the cubed sphere 
First of all, generate a cartesian coordinates of the cubed-sphere of radius 1. Then, 
discretize basic face of a cube, means the grid is gnomonic equiangular/equidistance 
central projection, the two projection types are the basic choices to make the cubed 
sphere projection. Further, it is the projection to the sphere, here I set the coordinates 
X, Y, Z. Generating the one of the six faces of the sphere by the coordinates. Next, to 
get the other fives faces are rotations of the first face. And store the six faces into one 
variable. There are six faces ID to recognize each faces. The following step is patch 
topology of the six faces, Change to meshgrid from ndgrid (ndgrid which is a 
generating function for multi-dimensional calculations or multi-dimensional array 
interpolation). Finally, detect common vertices between two neighboring faces, 
Remove vertices and update face topology. The figure show how the face ID indicated 
on the 2D texture, which is the unfold cube in two dimensions. 

                 
        +---+ 

| 6 |    
          +---+---+---+---+   
          | 4 | 1 | 2 | 3 |     
          +---+---+---+---+   
        | 5 |    
        +---+ 

      Figure 11.  Face ID set on the 2D texture 
 
Figure 11 it could also used to represent the earth texture how to map on the cubed 
sphere. Begin with the map selection, two types of png format images to choose. 
Secondly, project on sphere from the cube which based on the face ID as figure 11 
through equidistance. Thirdly, fill texture with RGB data, reshape the map as long 
vector of RGB. At last, plot the map in the sphere. 
 
4.2.3 Features of the cubed sphere 
There is an integer n also could input to set the number of subdivision of each face of 
the cubed sphere, in which n=1, it is the original shape, e.g. A cube. There are 
different colors shown on the six faces of the cubed sphere. The earth map texture on 
the sphere would be seen on the screen, where it is clear to see the earth map be 
identical into six face ID project on the sphere. The cubed sphere technique with a 
high degree of efficiency, more advantage is very accurate numerical solutions of 
partial differential equations on the sphere. 
 
4.3 Subdivision the sphere by longitudes and latitudes
This kind of subdivision is a traditional way to decompose a sphere, for example, the 
Terrestrial globe. It is the quite common model we can imagine how the subdivision 
looks like. In deed, there exist some shortcomings in the resolution of two poles. This 
problem has been optimized and proofed in the theory part and the result image part of 
the cubed sphere. In OpenGL, the sphere subdivides by Longitudes and latitudes 
called arcball. The concept of this technique is reference from [37].
 
4.3.1 The idea of the arcball 
The arcball consists of two mainly parts, one is the triangle fan which locate in the two 
poles, respectively. Another is the structure between the two triangle fans, and 
subdivides with the squares or quadrilaterals. First, what is triangle fan? It is a 
primitive in 3D computer graphics which can save the processing time and the storage. 
The shape is a set of connected triangles that share one central vertex. Thus, if a 
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number of triangles in this fan, the edge of the triangle fan would turn to more smooth. 
Focus on the arcball, in the two poles, the triangle fan generated from the first circle or 
the maximum latitude around the pole vertex and the longitude ejaculate from the pole. 
Second, as we know there are two triangle fans which exist on the two poles, the 
remaining part of the arcball make up of a lot of squares or quadrilaterals. Clearly, 
they are produced by the latitude and the longitude perpendicular to each other. 
 
4.3.2 Realize the arcball 
Imagine the window has a unit hemisphere in the middle, the center of the unit 
hemisphere centered on the origin, when X * X + Y * Y <1, Z = sqrt (1-X * XY * Y), 
X * X + Y * Y > = 1, so Z = 0. Generated the starting point when the mouse clicked, 
generated the end point when the mouse released, these two point can be transformed 
into two hemispheres space by related algorithms. Then, set the angle of formed by 
these two points and the center of the circle to the d arc. When the two locates on the 
hemisphere (Z> 0), then its rotational axis and these two points and the center of the 
circle formed the vertical plane, the rotation angle is 2 times than d arc; when the 
mouse's starting point and end points falls outside the hemisphere (Z = 0), then its axis 
of rotation is the Z axis, the rotation angle is 2 times also than the d arc. Thus the 
principle according to ArcBall, we can see that ArcBall converted from the initial 
window space to the Unit sphere space, and then converted from Unit sphere space to 
Model space (transform matrix).  
 

 
Figure 12. the principle of generate the arcball [33] 

 
To illustrate how is the earth map texture on the arcball, I have generated the function 
satglobe which draw an idealized satellite view of earth. 
 
4.3.3 Characteristic of the arcball 
In my arcball model, an input integer n can control the number of times to subdivides 
the sphere, when n=1, the arcball would represented as a line, when n=2, it is a 2D 
face, n=3, the triangle fans consists of three triangles and the position between the 
triangle fan made up by three squares. Following this process of reasoning, the greater 
n the bigger triangle fan and the more squares could be to form a smooth sphere. But 
the disadvantage is that the edges share the pole vertex would become more and more, 
which would not good for the texture around the poles. 
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4.3.4 An Interesting tricks extended from the arcball 
As the sphere be subdivided into a mount of triangles and quadrilaterals, it can be easy 
to realize the decomposition and interpolate the data on it. I have through a great idea 
here to display how the arcball output the data on its unit squares. The general idea is 
subdivide the sphere into the arcball, from this point, we could get the amount of 
squares (in my program, I have ignore the triangle fan). Then, set each square as a unit 
class, calculating the position and the angle to the viewer of each unit square on the 
sphere, they would be treated as the input data. Next, calculate the display coordinate 
of each square and store it in the way as figure 13 shown below. And distribute it at 
the same place. At last, the display thread would collect all of the display coordinates 
of each square and output it on the sphere with the different color. 

 
(1)--------------------(2) 

            |                     | 

            |                     | 

            |                     | 

            |                     | 

           (4)-------------------(3) 
Figure 13. The way of the coordinates are stored 

 
 

4.4 Triangulate the sphere 
4.4.1 The idea and the processing steps 
This is the common method we can see in many kinds of tessellation models in 
computer graphic, and the idea is also quite simple, which combines every three points 
on the sphere to get a triangle so that the surface of the sphere covered by a triangle 
mesh. It is similar to the stereographic projection. The concept is from [38]. 
Step 1: select the first vertex as the projection center, one triangle that connected to the 
first vertex. Then project all the points on the plane. 
Step 2: triangulate the projected points, reorient the facet surfaces, make all the surface 
normal consistently point to +z direction, delaunay on 3D, fill the hole like convex 
hull.[39]. 
Step 3: triangulate the last several missed triangles, by connecting the projection 
center to all the convex hull vertices. Using the getMeshStructure to get the boundary 
edges. At last, create the propertly oriented surface using each edge. 
 
4.5 Spherical wavelet-like compression 
4.5.1 The idea of the spherical wavelet-like compression 
The basic idea is from the supervisor, he introduces this technique start from the 
theory of section 2.5 above, which is the decomposition and reconstruction of the 
values on the spherical wavelet-like, hence, lets see how this method work well in the 
image compression on the sphere. The same as the Haar wavelet transform function 
decompose an image, first divide an image into four blocks as figure 4(b), then store 
the main values on the first block which is the top leftist. Other three blocks are stores 
the coefficient, then remove most of the small coefficient by deleting the zeros values 
in the three coefficient container blocks. Next, reconstruct the image and could found 
that some errors appear on the image, but it can clear to distinguish the different 
between the original image. If want to get the deeper compression, just repeat the 
decompose step to the first block so that the degree of compression could be seen 
while reconstruct the image. In [34], the similar technique be used with the filter bank 
to compress the data on the sphere. 
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4.5.2 How to realize it 
The first step is using the wavelet transform technique on to a sphere. Here, I took the 
Icosahedron subdivision to compute a multi-resolution sphere, I have set the default 
resolution. Which is the same process mentioned in section 4.1.2. After I get a 
triangulated sphere, loading the earth image onto the sphere, which the function in 
MATLAB load_spherical_function. The image here is a gray color map, as show in 
section 5.2, I also set it into JET color map so that easy for the reader to look the 
different of the image after compressed. The next step is apply the computation 
algorithm of section 2.5 to decompose the sphere, there is a function I set save_biggest 
to keep the biggest values after the wavelet transform. Where the wavelet-like 
transform on the sphere is the decomposition of the algorithm 2.5(e.g. Calculate the 
averages, subtract the surrounding values with the averages). Following with the 
important step is to remove most of the small coefficient (or the coefficient close to 
zero). I set threshold value r, let the r*(length of the transform wavelet) so that to let 
some values decreased and close to zero, then rounding the r*(length of the transform 
wavelet), and using the save_biggest function to remove the small coefficient. (Most 
of them are close to zero). Therefore, threshold r is a variable values, it is the main 
value to control the degree of compression, if the threshold r become smaller, hence 
there are more values would decreased to close to zero. At last, presenting the initially 
transform wavelet with the earth map and the transform wavelet with the earth map 
after processed with the r value. That is the compression technique of the earth map on 
the sphere. The result of this technique is shown in section 5.2 with different degree of 
compression. 
 
Let me show the very basic example here, the threshold r is 0.4. 
 
 
 
 
 
 

3 
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The first arrow represent decomposition, the second arrow represent multiply with the 
threshold r=0.4, the third arrow represent the rounding of the values. 
 
 
4.5.3 Features of the spherical wavelet-like compression 
The simple feature is that the degree of compression can be tested by changing the 
scale of value r, as the figures shown in section 5.2, the compression effect can see 
when r=0.1, r=0.05, r=0.01, r=0.005, r=0.0001. It also does not need much 
computation time. It can checked how different the compressed image between the 
original image whatever the color map, here I set two types of color map, they are 
grap color map and Jet color map. The phong shading is used on the sphere so that the 
earth could look more realistic.  
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5. Results image 
This section contains the resulting images correspond to the five techniques analyzed 
in the previous section.  
 
5.1 Icosahedron subdivision 

   
(a)                (b)                      (c) 

 

  
 (d) (e)    
Figure 14.  Icosahedron subdivision in five different resolutions where n=0, 1, 2, 3, 4  
 
 

 

Iterations Time (ms) Vertices Faces 
0 0.001 12 20 
1 0.092 42 80 
2 0.281 162 320 
3 1.333 642 1280 
4 8.734 2,562 5120 

Table 3: Show the data of the Icosahedron subdivision relate to Figure14 (a) (b) (c) (d) (e). [31] 
 
In the figures shown by following, they are the results to illustrate the Algorithms 2.5 
which has been presented in the theoretical background part. They can see how the 
degree of compression with the earth math on the spherical wavelet-like, I have sent 
the threshold to control the remove small coefficients process. Then reconstruct the 
earth map and to see how the different looks like between the original image. 
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5.2 Spherical wavelet-like compression 
 

 
 
Figure 15. Remove most of the coefficient when threshold r=0.1. The earth map is represented 
in gray colormap. On the left is the original earth map, the right one is the compressed one 
after remove the small coeffieient.  

 

 
 
Figure 16. Remove most of the coefficient when threshold r=0.1. The earth map is represented 
in JET colormap. This figure has the same configuration with figure 15. It used the Jet 
colormap so that easy to be seen how different between the original and the compressed earth 
map on the spherical wavelet-like. 
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Gray Original                r= 0.05                                           r= 0.01 
 

   
JET Original               r= 0.05                                           r= 0.01 

Figure 17. Remove most of the coefficient when threshold r=0.05, r=0.01. The earth map is 
represented in gray colormap and Jet colormap.  

 

   
Gray Original                                    r= 0.005                                         r= 0.001 

 

   
JET Original                                   r= 0.005                                        r= 0.001    

Figure 18(I). When threshold r=0.005, r=0.001. Total 5,120 triangles. 
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Configuration: Total 20,480 triangles;  r= 0.05;  Iterations 5  

 

 
Configuration: Total 5,120 triangles;  r= 0.05;  Iterations 4  

 
 

 
Configuration: Total 1,280 triangles;  r= 0.05;  Iterations 3  
 

 

 
Configuration: Total 320 triangles;  r= 0.05;  Iterations 2  

 
Figure 18(II). When threshold r=0.005, r=0.001. 
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5.3 Cubed sphere subdivision 
 
 

  
 (a)              (b) 
 
 

  
(c)              (d) 

Figure 19. Cubed sphere shows how the sphere mapped from the six faces cube. In the 
resolutions which (a) n=1, each face has one times subdivision (b)n=3, each face has three 
times subdivision (c)n=10, each face has ten times subdivision (d)n=50, each face has fifty 
times subdivision 
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Figure 20. Texture the earth map on the cubed sphere, to show how the poles problem on the 
globe fixed by the cubed sphere. 
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5.4 Subdivision the sphere by Longitude and latitude 
 

  
 

  
 
Figure 21. The figures above show the arcball in the subdivision n=9, n=30, n=50, n=80. 
Especially the last two test images can clear to see the poles problem. 
 

  
 
Figure 22. Presenting the texture mapping on the arcball. 
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Figure 23. It is a small program which 
compress the data on the arcball, the squares 
on the arcball can rotate by mouse click. 

 
5.5 Triangulate the sphere 
 
 

 (a) 
 
 
 

  
  (b)                       (c) 
 
Figure 25. The Figure shows the sphere tessellation by the triangles. (a) When there are 4 
points. (b) When there are 30 points. (c) When there are 1000 points. 
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6 Discussion 
 
6.1 The result 
Overall the five parts of the result images, we can have a great visual perception of 
how the techniques Icosahedron subdivision, Longitude and latitude subdivision, 
subdivision with squares, spherical wavelet-like compression and triangulate the 
sphere tessellate the sphere or decompose the sphere into the small component. More 
importantly, we can sure that they are the useful methods in the field of compression, 
especially for the data compressed on the sphere. 
Firstly, we take a look at Icosahedron subdivision. It is the idea based on the spherical  
wavelet-like, the merit are efficient and accurate compression of data on the sphere 
becoming increasingly important for both dissemination and storage of data. In 
addition, it can measure the large data-sets. Because each vertex can attach a data 
value or function value. Other, it is possible to attach the data values to the faces on the 
Icosahedron subdivision sphere. Example for if Icosahedron takes 10 iterations 
subdivision. There are 10,485,762 vertices and 20,971,520 faces could used to 
compress the data. Such amount of figures can show out the Icosahedron has a huge 
potential on compression technique. It is also the basic structure for the spherical 
wavelet-like compression, since I introduced the algorithms 2.5 is under the condition 
of decomposing the triangles. Spherical wavelet-like compression is generates the 
Icosahedron subdivision at first, then to compression the data on the earth map. 
Secondly, cubed sphere is a new technique to tessellate the sphere. Since it mapping 
the cube to the sphere, so the cubed sphere inherits many properties of the cube. Such 
as it has six faces, each faces can be easy and depth of refinement. On the cubed 
sphere in my model, it represents six faces with each face has four angles in 120° per 
corners. Hence, doing the subdivision to every face individually and whenever the 
shape of the components would be the squares. Squares can good to compress the data 
or values on it, for example, pixels. In image processing, we can know how realistic 
the pictures can be form by whatever 256 x 256 pixels or 1280 x 1280 pixels, the edges 
between the objects are clear to detect. Cubed sphere is also used this theory to 
subdivision its faces into high resolution. Thus, the squares can generate the straight 
edge on 2D case, on the cubed sphere, it would become the curves edge so that it looks 
smoother. This technique could better to fix the problem in Icosahedron subdivision 
which makes the sharp edge by triangulation. There is one more superiority on cubed 
sphere, it solves the poles problem on the globe. For the reason why it has eight 
intersection vertices on the sphere as the cube, these eight vertices are the demarcation 
point of every three faces, if higher resolution to every faces, this demarcation point 
can not has the accumulation problem, not as the arcball, it would occur the 
accumulation problem on two poles. No matter how many subdivision to the sphere, 
every demarcation point would only be split by three curve edges, while the poles of 
the arcball would be split by thousand of edges if the resolution getting higher. In the 
result image, the demarcation point can be clear to visible even in the condition of 50 
times subdivision and the edges of each faces generated by the small squares can proof 
that it can form the smoother edge. Also, in the earth texture mapping, the poles can 
still keep its original visible contour on the cubed sphere. 
Thirdly, arcball is also another type of tessellate the sphere with squares, but it can 
presented in the result image that the shapes around the poles is not squares, they are 
the triangles which form a triangle fan. Discussing the arcball in two parts, to begin 
with the squares part, it has the similar features of the cubed sphere, like the quad 
component, it can generate the smooth edge and it can store the data or values on the 
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face. The alternatives thing is that arcball would not have any demarcation point on the 
squares parts, therefore, the texture on the arcball are tightly without any division. In 
my arcball model, the color can be transition gradually, because the squares around the 
transition brand can store the increasing color value of decreasing color value by 
classification without the sharp edge. Then, speaking to the triangle fan part, the result 
image can illustrate the accumulation problem in the wire sphere model and poles be 
tessellated by many triangles on the earth texture model. Even, when the arcball in the 
subdivision n = 50, and n = 80, the poles would getting blur. If the poles generate more 
triangles, it is danger to visible on the globe. As a result, arcball is not a good method 
to simulate the two poles of the earth.  
Fourth, connecting every three vertices on the sphere is the simplified concept of the 
technique which triangulates the sphere. But it is obvious to see in the result image that 
it can only generate the irregular triangle mesh on the sphere, until now, I have not 
found that how to compress the data on to that kid of triangles and it seems to produce 
the sharp edge in the shape of triangle as the Icosahedron subdivision technique. But 
the good thing is that its tessellation can classified the intensive region and the sparse 
region, that could good at tessellation the irregular 3D model, for example, the head of 
human model, which the eyes ball need the intensive triangulation and the face should 
triangulate it to sparse region. 
Lastly, spherical wavelet-like compression technique is a very good method has been 
proof in the result images in the field of compression. Because it can decomposed the 
data easily on the triangulated sphere using the algorithm 2.5 and reconstruct the image 
simplify by changing the threshold. The higher reversible it is. The degree of 
compression are reasonable and it can be deeper to compressed than the result show in 
section 5.2 the threshold r=0.001. The technique idea is reference from [34], the 
authors producing the filter bank on the sphere and control the relation coefficient to 
detect oriented features at multiple scales. This gave me the aspect of control threshold 
r can remove the small coefficient on the sphere.  
 
6.2 The work process 
When got the title of this paper “Tessellation of the sphere with different compression 
techniques”, my first idea is to select several techniques to figure our how to used them 
to tessellate the sphere and compress the data and values on the sphere. After the 
research, I choose the five techniques in this paper. Firstly, some of them are very 
traditional method, like spherical wavelet-like. It is the common method we can see in 
any material of computer graphic, but when I rendering the Icosahedron in openGL, I 
met big problem on rendering the Icosahedron, then I give up to rendering it in 
openGL, and try to used Jon Leech’s coordinate to construct the Icosahedron, since it 
has find out the twelve vertices of Icosahedron on unit sphere in MATLAB. Hence, I 
can easy go on to realize the subdivision based on the Icosahedron. Because of finding 
out there are quite many function in MATLAB can handle the complex computation. 
And MATLAB is the smart software that can straight process the equations and output 
the higher quality of simulation of the object. While process the spherical wavelet-like 
compression and triangulate the sphere, it must depend on the heavy computation, but 
it seems MATLAB can deal with it very fast and I can also use the phong lighting 
easily on the object which can improve the realistic of the model. In cubed sphere and 
triangulate the sphere, I have try out many different resolution levels to test the model, 
I focus on the properties of the model and find out how smooth the edge could be. In 
triangulating the sphere, the data points can handle even more than 5000 points. In a 
word, I have found that MATLAB is the very good software in processing the large 
data set. 
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7 Conclusions 
It can be concluded from this study that the sphere could have many different 
tessellation type. But the mainly factors are to see whether it can generate the 
smoother edges and the more round corners on the artefacts in stead of the sharp edges. 
Other factor is to see the composition and the decomposition of the algorithms, since it 
can straight to affect the quality and the speed of compression. Cubed sphere and the 
spherical wavelet-like compression are quite suitable for the better compression 
techniques on the sphere. Not only the realistic they can produce and avoid some 
accumulative problem, but also they can handle the large data set and the complex 
computation. 
Though the result are not much realistic as some models rendered in openGL or maya, 
MATLAB is a quite useful and high efficient tool for simulate the 3D object, as the 
reason why it get more and more popular nowadays.  

 
 
 
7.1 Proposal for further research  
●   Generate the information from the figure by MATLAB to analysis the properties of 

all methods.       
●  Similar studies could try to tessellate other 3D objects with this five techniques, 

figure out whether they can still work. 
●   Using more polygon shape to tessellate the sphere and project the earth map on the 

sphere to compare with this five techniques. 
●   In the theory background part should increase more detail steps of the algorithm 

and give more examples with the values to verification.   
●   Exploring deeply the techniques into the field of compression ratio. Comparing the 

five methods under the situation of the lossless compression and the lossy 
compression. 
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